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PREFACE. 

I T is Jo natural when a Work of this kind appears in the 
World , to ask What there is new in it ? and the greater 
Part of thofe who Jet tip Jor fudges, are Jo extreamly bent 
to depreciate every Thing to which they can frame the leajl 
Pretence oj an Objection, that an Author, without any Impu¬ 
tation of Vanity, may fometimes be allow'd to fet forth the Me¬ 
rits of his own Performance, in order to give his lejs difcern- 
ing Readers a true Reprejentation thereof: And this I hope will 
be thought a reafonable Apology for what I have to offer in behalf 
of the feveral Particulars that compoje this Mifcellany. 

The Fi rfi .which is one of the moft confiderable Papers in the 
whole Work, is concerned in determining the Figure which a 
Planet, or an homogenous Fluid, mujl acquire from its Rotation 
about an Axis ; wherein the true Figure, under Juch a Rotation , 
is not only univerjally demonjlrated, but the particular Species 
thereof,\ according to any ajjigned Time of Revolution ; in which 
it is proved that the Gravitation at any Point in the Surface , 
is accurately as a Perpendicular to the Surface at that Point, 
produced from thence to the Axis of Revolution ; and that it is 
impojjible for the Parts of the Fluid ever to come to an Equili¬ 
brium among themfelves, when the Motion about the Axis is fo 
great as to exceed a certain ajjignable Quantity ; with feveral 
other Particulars never before touch'd upon by Any. 1 mujl 
own that , fnce my firft drawing up this Paper, the World has 
been obliged with [Ainething very curious on this Head, by that 
celebrated Mathematician Mr. Mac-Laurin, in which many of the 
b fame 




fame Things, are demonfirated. But what I here offer was read 
before the Royal Society *, and the greater Fart of this JVork 
printed off, many Months before the Publication of that Gentle¬ 
man's Book 5 for which Reafon 1 fhall think myfelf fecure from 
any Imputations of Plagiari/m, efpecially as there is not the 
lead Likenef s between our two Methods. 

The fecond Paper, contains a general Inve[ligation of the At¬ 
traction at the Surfaces of Bodies nearly fpherical. 

The Third, confiders the Heights of the Tides in the Ocean . 

The Fourth, exhibits a very eafy Method for finding the Length of 
a Degree of the Meridian, and the meridional Parts cnfwering to 
any given Latitude, according to the true Jpheroidal Figure of the 
Earth . 

The Fifth, includes the Inveftigation of the Curve defcribed by a 
Ray of Light in paffing thro' an elaflic Medium, whofe Denfity 
either refpeCis a plane, or fpherical Surf ace, and varies according 
to any given Law : Whence are derived fome practical, and very 
ufeful Conclufions, relating to the Refraction which the Light of 
the Heavenly-Bodies fuff ers in its Paffage thro' the Earth's Atmo- 
fphere ; with exaCt Tables thereof, laid down by the help of very 
accurate Obfervations . 

The Sixth, treats of the Summation of Series ; which, befides 
containing feveral Matters intirely new, is much more general 
and extenfive than any Ihing I have hitherto met with, for the 
fame Purpofe. 

The Seventh, exhibits a new Method for finding the Values of 
Series by Approximation. 


* It was read before the Royal-Society in March # dpril, 1741, and bad 
been printed in the Philol'ophical Tranfa&ions, had not I defired the contrary. 






The Eighth, comprehends the Invefiigation of feme very ufeful 
Theorems for approximating the Roots of Equations in Numbers, 
much more exadl than any Thing hitherto publijhed ; whereby the 
Number of Places is tripled, quadrupled, or even quintupled, at 
each Operation-, to which are added, feme eafy and proper Appli¬ 
cations, in illuflration thereof 

The Ninth, relates to mechanic Quadratures, or the Method of 
approximating the Areas of Curves , Means of equidiftant 
Ordinates. This Method was originally an Invention of Sir 
Ifaac Newton’s, jince profecuted by Mr. De Moivre, Mr. Stir¬ 
ling, and Others : However, as I here afjume nothing to myfelf, 
but a Liberty of putting the Matter in fuch a Light, as I judge 
will be mo ft plain and fatisfaftory to the Reader, I fee no Reajon 
why I may not be allow'd the fame Privilege as Others. 

The lenth, is concerned in finding and comparing of Fluents, 
and contains a great Variety of new and ufeful Improvements, 
being one of the mo ft confiderable Papers in the whole Work. 

The Eleventh, is an eafy Invefiigation of the Paths of Shadows, 
on the Plane of the Horizon. 

The Twelf th, contains a Determination of the Time of the Tear 
when Days lengthen the faft eft, according to any afjigned Excen- 
tricity of the Earth's Orbit. 

The Thirteenth , fhews how much the Defccnt of Bodies, is 
affefted by the Earth's Rotation. 

The Fourteenth, is a Demonftration of the Law of Motion, that 
a Body deflected by two Forces, tending to two fix'd Points, de- 
feribes equal Solids in equal Times, about the Right-Line joining 
thofe Points. 



( viii ) 

The Fifteenth y Jhews in what Cafes a Body , aBed on by a centri¬ 
petal Force , may continually defcend towards the Centre yet never 
Jo far as to come within a certain Difiance ; and in what other 
Cafes it may continually afcend , yet never rife to a certain finite 
Altitude. 

The Sixteenth and lafi, comprehends an eafy and general hive (li¬ 
gation of all the principal Theorems relating to Compound- Interejl 
and Annuities , without being obliged to J'um up the Terms oj a 
geometrical Progrefjion. 

Thefe fix laft Papers , tho' more fimple in themfelves, and of lefs 
general Ufe than fome of the preceding , may neverthelefs be look'd 
tfpon as entertaining Speculations , and therefore not prove unac¬ 
ceptable. 


ERRATA. 


PAGE 2. I. laft, and p. 3. 1 . 2. for a—z 2 read a — ; p. 4. 1. io. for 

frTfyf x a *—xf, r. a n — * n ; p. 5 .1. 3 - dele the Semi-colon ; p. * 0 ' 

1 21 for whereof, He. read whereof the ^ime of Revolution can be Jo fhort, as of that, 

nvhofe equator cal Diameter is to its Axis, as 2.7198 to Unity, p. 38. 1 12 for pajfng, r * 
faffing thro ’ ; p. 41. 1 . 4. for Spherodial , r. Spheroidal ; p. 42. 1 . 9 - for Part , r. P* r * 
p. J. \. 26. for ly,r. he-, p. 61.1. 21. for could, r. could have been p. 64.1. 1 7 - 
R, r. k p. 70. 1. 14. for in, r. to ; p. 73.1. 16. for z, r. z ; p. 78. 1. 8. after A u 
bers put a Semi-colon ; p. 81. 1 . 15 . for 4-z n ztzz 2n , r. ztz n -f* z 2n ; p. 86.1 
i+zm, r. q+2 mi p. 99. 1 . laft, fora 2 , r. «V; p. 105. 1 . 9. for 613, r. 6 i* 3 » 

p 122. 1. 20. for independant , r. independent ; p. 128. 1. 8 . for 1— 

_*±i, fcfr. p. 136.I. 5. for Negative, r. negative Number ; p. 145• ^ 2 ‘ 

for p ~\’ lr » P 149- 1 - 12. dele the upper Vinculum ; p. 151. 1 . 5. for^*’ 

r . — * j p. 161. J. 19. for gravitate, r. to gravitate. 






LEMMA I. 



\UPPOSING AC perpendicular to A B, and 
a Corpufcle at C to be attracted towards every 
Point or Particle in the Line A B , by Forces in 
the reciprocal duplicate Ratio of the DiJlanCes: 
0 find the Ratio of the whole compounded Force , whereby 
e Corpufcle is urged in the Direction A C. 

A Let 


L 


Let 
















[ * 1 

l Let AC — ^ AB —*, and 
£ hb = x : Therefore B C 2 = ^ 
x*; confequently wiM 

be as the Force of a Particle at B, 
in theDire&ion B C; but 

the EfH ' 

cacy of that Particle in the pr°' 
pofed Direftlon AC; wherefore =^==4 is the Fluxion of the 

x AR 

whole Force; whofe Fluent is, there- 

/ore, the Force itfelf. Q. E. *• 

LEMMA II. 

S UppoJing a Cuneus of uniformly denfe Matter , compr 
between two equal andfindlar elliptical Planes A D B Eft 
Ap r v A y i?iclined to each other , at the common vertex ' ’ 
of their JirJl or J’econd Axes , in an indefinitely fmall angle f 
B' f to find the attraction of the faid Cuneus , whereby a 
pufcle at A is urged in the Direction of the Axis A B or A r ' 
Let D E and me be two Ordinates to the Axis A B, ifl^ 6 . 
nitely near to each other, and let A B = a, B C = 2, C c == 

C D ==y, and the Sine of the Angle formed by the two plane?* 
to the Radius = and let the Equation of the Elhp*| s 
be y 1 z=fz-'Z l — gz 2 (which will anfwer either to f 
tranfverfe, or conjugate, Axis, according as the Value of &> 
is taken negative or pofitive) 6 , : 

Now, it will be, as 1: d :: a — z:, d x a~z y the Dift an , c 
of the two Planes at the Ordinate DC, or the Depth of 1 
propofed Matter at that Ordinate; which therefore dra^ ’ 


into 


_ idJjECiEElE \ — J: 

—_>J a — 2 ! l+/a — x l —gz\X AC* A 






r 3 v 

tbe Attra&ion of the Particles in the furface DC £ (by 

_ . d fz — ar a — ? z* 

tbe preceding Lemma) gives ■ - ■ — — =- 

</ a-z'-bf z-z'—g* 



for the Fluxion of half the Force required. But when fz —2?— 
f 

becomes=0, z will be = = AB=^; therefore by 

Siting 1 + g x a inAead of f in the faid Fluxion, it will be 

Jziz - , !_g£ . JrEHEE 

«+gzb -^7- 2 a' 2.4 ** 24.6*3 


the Fluent whereof, when z becomes = *, will be - 
Q d * r+^jlx * — j + — £?c. which, becaufe * * 1 

Is =/)CT+^f = /* I —£ +|£ ^ wiI1 be = if x 

^£i±g 1 2 -4'6g* 2.4. 6. 8 j -3 

5 3• 5* 7 3.5. 7- 9 


Q E. I. 
Lemma 
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LEMMA III. 

T HE Fluent of a n — * n | m * # tn — 1 * being given; tis pro- 
pofed to find the Fluent of a n —* n ] m + p x ^m+vn_i ; 
when a n — * n P ’*" 1 becomes rr? o \ fuppofng p and v to be 
whole poftive Numbers . 


Let Q==a n — xV + ' «x*' J and let E, F,G,H, Gfr. denote 
the Fluents of a n — * n P x x m — 1 a n — x r \* x x rn + n - x x, 
qn—x n \ m y.x rn + 2 n - 1 x refp eftivel y: Then q being (—r«*x 

x rn —i x a n — x"| m "f 1 — m i x n x x n —'xa n _ x”\ n x x rn == 

x 


r n x x TXl ~~ 1 x a 11 — ;c n | 


X a n —*°] m — m -]- I x n ' x x m — 1 
X tf™- 1 X — i 


a n — * * m ) ~ r n a n x a n — x-\ 

* n * a n —x n \ m x x m + n - 1 x> if, inflead of ^~ZTj?l m x 

x ’"- 1 *, and a" — x"J m x x™ + »-' their Equals e and F 

be here fubftituted, we (hall get Q= r ;z <z n e _ ~;: L J fffn 

*. F ; whence Q = r n a" E — r + ra+IXB * F, and confc- 
quently F = ===== ’ which therefore when 

or Q^ecomes = o, will be = _f£JL. And it is manifeft 

r ~T~ Trt i 

by Infpedtion, from the very fame Reafons that G is == 
fUl £I> H = r.f a .r a,G fifc or O - 

r + w-t-2 r + rnH-3 ^ + w+ixr + /B + J 

TT rxr +1 Xr + 2 Xt 7 J “E , t jl 

LI = ~r ■, - , , , , and therefore the Fluent o* 

tfIV — *n| m x ^m+vn—1 ^ (j n t hi s Cirumftance) putting r~H ;/ 
+ i = ? , will No w if 

this Fluent be denoted by P, and x ™ +vn ~ m 1 bv K theF* u ' 

7 9 ent 





C s ] 


cnt of a n —x n | m *Kx n x will, it is evident, be = r -^xa n p, 

q + v 

which taken from a n P, that of a n — * n | m *Ktf n a;, leaves 
q ~~ m + - x - -- for the Fluent of a n — A,- n l m xK d n at; 

-—n — *nl m *Kx n x or its Equal, a n —x"!" 1 "*" 1 x K x ; therefore 

the Fluent of a n — A: n | m +1 x K x is to the Fluent of a n —x n f n 

yr j 1 xa ! to i; and, for the very fame reafons, will 

* K *, as q + v 5 J 

the Fluent of a n — x n ^ m + 2 x K * be to that of a "— A; n l m + 1 x K x. 


as ? : to i, whence it manifeftly appears that the 

Fluent of a n — x n | m '*' p x K*, or of a n — * n | m "*’ p xA: rn + vn — 1 x 
will be exprefled by P * * ~~ .... 

■■ »+> t ^hyK^* +w into + ! .'+— 


— i 

^ w-f i■ m -f 3. w-f 3. m-\- 

. ? + 6. <?-b7.r + /n + v+/> 


?+I.? + 2. ?+3. ? + 4-? + S 

Q. E. I. 


COROLLARY. I. 


If E be taken equal to the Fluent of i— s z \ *x i,or£ 
Fart of the Periphery of the Circle whofe Radius is Unity, 

__ t - ■ _L . 

and i — s z \ *u, and the Fluent of i — ss\ s x dv 2t s 2 " 
Or 0 f — j j. t % yit s when i— ss is = o and t and w, whole 

I— ss\ T 

Numbers be required: Then, by writing i, for*; 4 , for r; 
^ 4, for m } i, for q ; /, for />; and for v in the ge neral 

^xpreffion foregoing, we fhall have d E x -~ 0 ~ ~ 

— for the Fluent in this Cafe. 


B 


COROL- 
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COROLLARY. II. 

Hence, may the Fluent of P ■u i " j 1 +Q •u*”~ ‘ A-f 

R .yan—4 s\ &c. when i— ss is = o, and n any whole pofitive 
Number, be alfo determined} for let the Value of w (in the 
laft Corollary) be fucceffively expounded by i, 2, 3, &c. and 
that of /, at the fame time, by n , n — 1, n —2, &c. and 

then it is evident, the Fluents of 4 x ; 2n *%===: 4 - x v 2n — 1 ^ 

1 — 1 —jj! 

&c. will come out dE x * 

1 .p,..-rrr^xj = j &C. 

2.46... 2n + 2 2 4- 6 . 2 * + 2 

Tefpedtively; which therefore, being multiplied by their pro* 
per Coefficients P, Q, R, &c. and added together, give d E * 

2.4. 6. 8. . . 2W+2 2. 4. 6. 

a ”~‘ I PI ,a . 35R 3 -t. 7 -S 

2 77+2* * '2 n -I ‘ 2 Tl -IX2«- 3 2 n -1 X2«- 

&c. for the Fluent fought. 

LEMMA IV. 

S Uppofing PAS EPO to be any Spheroid , generated ft 
the Rotation of an Ellipfis P A S E about its l e Jj ef 
Axis P Sr, to find the Attraction thereof exerted on a Corfu ]"* 9 
at any given Point Q fin its Surface. 

Let OR L and C B r be perpendicular, and r L paral^ 
to P S} and let the Square of any Ordinate B C of the & 
nerating Ellipfis, be to the Square of the correfponding ^ 
dinate B v of the Circle P*u I S/P, defcribed from the 
Centre O, about the Axis P S, in any given Ratio of * n 0 





C 7 ] 

: to i; let Q^H be the Axis of a Sedtion H b Q_of the 
propofed Solid, formed by the Interfedtion of a Plane patting 
through the Point (^perpendicularly to the Plane PASO 
of the generating Elliptts j and let P O = R> O R = b, the 



Sine of the Angle R Q_H to the Radius i, =p, its Co¬ 
fine =7, Qr—x, its correfponding Ordinate r<j = y; QJ*- 

feVT+B xRand R T (= f+"B * A) = A: 
Therefore ttnce Q^L is=yx, andrLr=ft x, we have OB— b 
4 -p x , and B r—qx — whence BC 2 =r '—bb—zbpx—p'x* 
==.aa - 2 A p x -/>* x- B and confequently 
y* (-= BC 2 — Br z ) — 2aqx — 2 A/>* — p 1 x z — q z x z — Bp z x\ 
or, becaufe p 2 q z is= I, / \s=zaq—Ap*2 x~ x 2 —- Bp z x 2 -, 
which Equation being only of two Dimenfions, (hews the 
Curve Q ji H b Q, whereto it pertains, to be an Elliptts. 


Let 



Let now a Plane be fuppofed to revolve about Q^as a 
Centre, always continuing perpendicular to the Plane of the 
generating Eliipfis P E, and let Q/j H and k be 
two Pofitions of that Plane indefinitely near to each other; 
and fuppofing Q F to be a Tangent to the Eliipfis P QJ> at 
the Point Q^, QJT perpendicular thereto, and F h an Arch 
of a Circle whole Centre is Q, and Radius Unity; let G h> 

the Sine of that Arch, be denoted by s, its Cofine (V j_ 7 s) 

by v, and, hm , the Fluxion of that Arch, by?: Then, fince 
the Angle B Qjl is the Difference of the two Angles B QJT, 
R QJT, and the Sine and Cofine of the lafl of thefe two 
A a 

equal refpedively to and ^= =— 9 we {hall have 

5 ,;r f^~ the Sine of B and its Cofine, by 

the Elements of Trigonometry ; which Values being therefore 
fubflituted inftead of p and q in the Equation above found, it 

becomes^ 1 = 2 s\Ja* + A 2 x x —'• Hence 


by writing 2 s \] a z -\- A* inftead of f y e inftead of d , and Bx 
aV ~ 7 ' S \ - 1 inftead of g , in the Theorem at the End of the fe- 

«* + A 1 

_1 

cond Lemma, we {hall get 2 e s x a 1 - (-A 2 f * 


B 


<iv—sA\ z , 2.4. 6 - B " av 

1-* 


2 2. 4 

_ l~lrf 

■s A| 4 

a>+A~ 3-5-7 dewing the Ra- 

tio of the Force wherewith the Corpufcle at QJs urged ifl 
the Diredion H Q^orJ Q, by the Attradion of the Cuneus 
of Matter included between the two Ellipfes, whofe Axes 
are Q^H and from whence, by the Refolution of 

Forces, the Attradion of that Cuneus in the Diredions 

QJF and Q^JT will be had equal to 2 esv 



3 3-5 * 2 + A * 

2 MB ' —i Af , 


&c. and 2 e s . 


« 2 + A z | v 


x ~ — --- - - x _! &c. refpeCtively: which Ex- 

3 3- 5 «* + A* h 7 

preflions are, it is manifeft, as the Fluxions of the whole 
Force, exerted by the Part Q^H P Qjjf the Solid, in thofe 


iiMi 


Erections. Suppofe, now, another Plane Q^K to revolve 
jhout the fame Point Q, and with the fame Velocity as the 
ormer, but in a contrary Direction, fo as to meet and coin¬ 
cide with it in the Perpendicular QJT; then v in this Cafe 
becoming— v> the Fluxion of the Attraction of the Part 
\A KQ, in the forefaid Directions Q^F and QJT, (by 

Writing — v inftead of -j- v) will be — 2 e s v x a 2 A ll 





[ «>] 


2 

2. 4 B — av — s Al 2 

* 3 

3.5 ~ a z -f A z 

2 

2. 4 B — av — s Al 6 
■ x .... 


&c. and 2 s se x a L \ A 


Tlf 


£?c. refpe&ively: Where- 
3 3-5 *'-+“** 7 

fore, if thefe Fluxions be added to thofe of the former 

Part in the like Dire&ions, and ~^av—' s Al'~ be changed to 

a v -f- s Al, which is equal to it, we (hall have 2 e s v % 

-5-7— rTt'- • . 2.4B av-\-sA\ L — av — s Al* 2.4.6 B 1 

3 • 5 - « l + A * 3 - 5 - 7 - 

«j A* 4 —# — 5 A^ - ~ - - . X 2 




. - x z 

Gfc. and jn 1 « fl *+A.*l r j n to - 


*■& -4-* A \ ~\~ a v 2.4.66* av-\-sAf-^av-^sbf 

3-5 * " 1 + A ‘ ”^3-5-7 X 

£jV. for the Fluxion of both Parts together, in thefe Direc¬ 
tions. But, (ince the Triangles Q Jb G and mb n are fimilaf> 

e will be to s (= m n ): as 1: \l 1 —s s ; therefore, by fubfti - 
s 

tuting^-y^ inftead of e, the foregoing Expreflions 

2 v )s X <rJ r A-: f 2. 4 B ZZ+Ta}'— T^TTA 1 ’ 


become * 


i—ss\ l 


3-5 


«*+ A 1 


2nx^ 1 -l"A^ > . 2 2.4B <?u 4 -ja 1 * 4 -«—-TA^ 

i - 77 *- ^ , 

cThe Fluents of which, when s becomes == 1, will, lt ** 
manifeft, be as the whole required Forces, whereby the C°f 
pufcle is urged in the Directions QF and QT: Therefore 
order to find thofe Fluents (which is by far the moft ditScul 


Part of the Propofition) let r be put equal to the quadrai 


ntal 


Arc, 




[" ] 


Arc, F he, and let 


2 vss* a* 4- A 2 1 X 2.4. 6.... 2/2 + 2xB« 


1—j# 


3-5*7.2/2 + 3 


av-\-sA\~ n — av—s Ai n ,. , . 1 , 

v __~ - - 1 which is a general Term to the 

^+A- |n 

firft of the two Expreflions, be aflumed; then the fame, by 
expanding av-\-s Al — dv —-fAl into a Series, &c. will 
2.4.6....2»+ 2 *b-; 

become 4 x —, 


t into2^ 2n - I x 


tf 2 + A J l 3.5.7.... x X — jjl 

2 n 2/2 — 1 2 n — 2 271 

Av la s z +— * — x — xrf 2n —3 A^ 1 J++ — X 

212 I 2 72 2 2 72 — 3 2 n—A 

-— x-— * - T *-— x^ 2n -s As s\ &c, 

2 3 4 5 

But it is evident, from Carol. II. to Lemma III. that the Fluent 

. 1 • • 4 * ^ ~ 4 ~~A 1 1 2.4.6... . 2 72 -X -2 xB n 

of this Senes (by writing —— . x- ~L==^> 

* + Al 3.5.7.... 2 « 3 

A _ ^ 2 72 2 71 I 2 71 — 2 

for d - 0 r for E ; 272a 2 — 1 A for P; — *--— x-— 


a ? n -3 A% for Q, £?c.) will be 


rx 1.3.5.... 2 »— 1 


2.4.6.... 2/2-[-2 

4 x a z + 2. 4. 6. ..2/2 + 2 xB\ 2 # 

-*-=====-into 2 n a 2 *— 1 A -1 - 

^ Z + A » 3.5.7.... 2*2 + 3 ' i 


2 72 — I 2 71 - 2 

—- X - 


2 71 2 72 - I 

2/2 — I ' I 2 


tf 2n “3 A 3 X _ 3 _ + 


2 72 — 2 2 72 - 2 2 72 — 4 » 3 xC r . 

- -^x--x* 2tt -5A5 x —^- £rc. = 

3 4 5 2/2-ix 2/2-3 

4 r B n _ 

~ into 2 « tf 2n — 1 A + 2/2 x /2 — 1 x 22 2n —3 A 3 + 2 n 

I 2 1 1 2 — 3 
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4'*B n *2n\a . 

&c* = — , | -—r into a zn - 


11 —I n -2 

X 


n — i x sn “ 4 A 1 -J' 


i 

4r A a 


, 4rB n x2«A^ _. . 

a— 6 A 4 &c.—- — - ■ -—- — i x /2- _1_ A 7 P = 


2 « B n 


\/tf+A 2 2«-J-Ix2«_|-3 


Let « be now expounded 


by i, 2, 3, Sfa/ fucceflively, then will —1 ^ -- into 

V^ z 4 -A z 

2 « B n , 4rAtf 2 B 4 r A ^ 

- -*— become - p_ * ±r> — , _ x 

2«+Ix2«-f 3 3.5 A* 

4 B\ 4 r A a 6B* , „ 

5^7~ * 7^9* ^ f ° r tllC Fluents tlle I ^* 2d, 3 ^y 

&c. Terms of the forefaid general Expreflion, refpeftively; 
and therefore the required Fluent of that whole Expreflion, 
or the Force whereby the Corpufcle is urged in the Direction 

O F will be truly defined by drawn into 

y V*-+A z 

2B 4 B 2 , 6 B* 8 B 4 10B5 , . , . . 

-—--— -— 4- &c. And, in the’ 

3*5 5*7 7-9 9 -ii 11.13 

fame Manner, the Force in the Direction QJT will come out 
4 r a 7 - 1 B 4 ~B» B* 4 r A* 

V^+A- % '^~3~~ s ~ T7 ~ T 9 &c ~ + 

1 B B 2 B^ B+ 

x -_— 4 - — — — 4 - Which Values, by Writ- 

3_ 5 7 _ 9 ”_ y 

ing 1 4- B x b and * R 1 — bS $ 9 for their Equals A and 

4r^yi-}-BixR i —bb I 7 2B 4B 2 . 6B 3 

a , will become- — x— — —- 4—"" 

R z 4-B^ 3-5 5’7 7*9 


and 


4 r x R 2 — b z x 1 + Bi¬ 


ff" 


B» 


B* 


_ 1 ~ _ I u 

1.3 M 5 ~ 7 ~ 7'9 

6 c. 





&c, -f- 4 X » + J__ 

v'r'hPbT 1 

feeing — — 

° 3-5 5-7 


i B 

3 5 

6 B* 


—» &c. refpeCtively. But, 


S B + • ! n' 

-, &C. is =r= - B 

7 9 9 - 11 - 


B i B * 


-3 B + 3 + BxB — T -+- 


, , &C. and r- 5 - 

5 1 3 3-5 


f 7 ~ r 9 ’ «*• = ; B-* X — BM- 7+~5 X B k - i+f, 
i ^ i 

& c ' where B 1 — j -F j — y , cfe. is a known Series exprefiing 
the Arch (Q) of a Circle, whofe Radius is i, and Tangent 
B*, the faid Forces will, it is manifest, be truly defined by 
2rAa 3 + BXQ.-3B 1 , 4rA‘ 

B* 


Va'+ A* X 
T+BxQr-B^ 


and 


4r A 1 
Vt^+A 


T x ' 


B‘ 


reipeCtively. 


Va'+ A‘ x 
Q.E. I. 


COROLLARY I. 

Hence, if R D be made perpendicular to QJ, then, QJl 
being = a, RT =A, RD will be = Q^D = 


__ aa „ 1 rv m A A 

y^===, and DT = and confequently the Attraction 

* n the forefaid Directions Q^F and QT, as (RD) x 

, &c. and (QJD) xH- 2 -+*LlJE t 

3 5 5*7 7-9 9 11 V ' 1.3 3.5 5.7 7 . 9 * 


9 f. + (DT) x |-! + yjG’f.or as (R D) x liAifkziS 

D 


and 




i 1 

ER d fQD) x '+ Bx ?-~— + (DT) x — ~ Q - , refpedive- 

' z B T 

ly. Therefore, fince B is conftant, it follows, that the Force 
whereby a Corpufcle at any Point Q, in the Surface of a given 
Spheroid, is attracted in the Direction of the Tangent QF, 
will be limply as R D. 


COROLLARY II. 


If B be taken = o, or the Spheroid be fuppofed to dege¬ 
nerate to a Sphere, the Attraction, perpendicular to the Sur¬ 
face, will become as ^ QJ) + j TDj or as ^ of the Ra¬ 
dius of that Sphere. Therefore it follows, that the Attraction 
at any Point Q, in the Surface of a Spheroid P A S E P, in the 
Direction QJ 7 , of the Tangent, is to the Attraction at 
the Surface of a Sphere of any given Radius, as (R D) x 


3 -p B x Qc~ 3 B - to - of that Radius : and moreover, that the 
3 

Attraction in the perpendicular Direction QT, is to the At¬ 
traction at the Surface of the fame Sphere, as (T D) x 

-—-+- (QP) * 1 B -— ~ —- to ^ of the fame Radius ; 

B A 2 B- 3 


or,becaufe(TD) x -f-(QD) x i±_BxO-b' _ 

B l * 2 B* 

i _ I 

(QT) x -+ (QJ?) x 3 "fr ■ ;■ 3 B —,as this lalt Quan- 

B l 2 B 1 


tity, to x - of that Radius. 
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COROLLARY III. 

But when the given Spheroid is nearly Globular, B will be 
very fmall, and therefore all the Terms in the foregoing Se¬ 
ries, wherein two or more Dimenfions of B are concerned 
may be neglected, as inconfiderable; and then the Attrac¬ 
tion in the Directions QJ and QJ, after proper Reduction, 



; from whence it is eafy to determine, that the Po- 
the Line Q^X, wherein the Corpufcle gravitates or 
endeavours to defeend, is fuch that O x is every where, to 
Or, as 3 to 5, as Mr. Stirling has found. 


fpectively 
fition of 


C O- 
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COROLLARY IV. 

I Ience it follows, that the Attraction at any Point Q>_in the 
Surface of a Spheroid, not differing much from a Sphere, is 
to the Attraction of a Sphere upon the fame Axis, as ioR' 
_j_ ^ B R' -f- B b % , to io R* nearly. It alfo follows, that the 
Attraction of fuch a Spheroid in going towards the Poles, in- 
creafes or decreafes in the duplicate Ratio of the Sine-Comple¬ 
ment of the Diftance from the Pole ; and that at the Poles 
themfelves (where in an oblate Spheroid it is the greateft, and 
in an Oblong the leaft) it will be to the Attraction of a Sphere, 
having the fame Axis as 4 Times the Diameter of the greateft 
Circle of that Spheroid, increafed by the Axis, to 5 Times 
that Axis ; and laftly, that the greateft Difference of Attrac¬ 
tion, on the Surface of fuch a Spheroid, will be to the Diffe¬ 
rence between the Attraction at its Pole, and at the Surface 
of the forefaid Sphere, as 1 to 4 very nearly. 

PROPOSITION I. 

I F a Fluid or Body of homogeneous Matter , whofe Farticle* 
are freely difpofcd to move , and mutually attract each o~ 
ther in the duplicate Ratio of their Dijlances inverfely , re~ 
volves about an Axis, and all the Parts thereof retain the 
fame Situation, with refpett to each other-, I fay, the Form 
which that Fluid mufi be under, to preferve this Equilibrium 
of its Parts, is that of an oblate Spheroid. 

For, let PS be the Axis about which the propofed Fluid 
PA SEP revolves, and QJT a Perpendicular to the Surface 
at any Point Q^making QJL, and R D perpendicular to P b 
and QT, and F Q/, parallel to R D. Therefore, fince the 
abfolute centrifugal Force, whereby a Corpufcle at Qjjndea- 


0 







vours to recede from the Centre R, in the Direction Qy, is 
known to be as R that Part of it by which the Corpufcle 
is urged in the Direction Q f y of the Tangent, or tends to 
Aide along the Surface, will, by the Refolution of Forces, 



be as R D. Therefore, as all the Particles remain quiefeent 
with Regard to each other, the Attraction exerted on the Cor- 
pufeie in the contrary Direction QF, to preferve this Equili¬ 
brium, muft, it is manifeft, be in the fame Ratio of RD; 
but the Attraction of an oblate Spheroid, in this Direction ap¬ 
pears, from Corol. I. to Lem. IV. to be as R D: therefore the 
Figure PQA SEA, is an oblate Spheroid. Q^E. D. 



. t *» ] 

PROPOSITION 1 II. 

V 1.) O '! •" '•»(• > i 

r r- A HE fame being fuppofed as in the {aft Propofitim-, and 
I the time oj Revolution , the Attraction at the Surface 
of the Fluid , when at Reft under a fpherical Figure , toge¬ 
ther with the Diameter of that Sphere being given > to 
find the particular Spheroid which the Fluid retains by 
means of that Rotation , and alfo the Gravitation at any 
Point Q Jn the Surface thereof 

The foregoing ConftruCtion being retained, let the time of 
Rotation be denoted by m y and let‘the given Attraction at 
the Surface of the propofed Fluid, when at reft under the 
Form of a Sphere, be fuch, that a Projectile of revolving Bo¬ 
dy may thereby defcribe a circular Orbit, whofe Radius is 
equal to the Radius of that Sphere, in a given Time n : Put¬ 
ting PO = R, R O = b, the Attraction at the Surface of the 
propofed Sphere =f the Semi-Diameter of that Sphere =d, 
and the Proportion of the Square of the equatoreal Diameter 
A E, to the Square of the Axis PS, as i+B to Unity. 
Then, fince the centrifugal Forces of equal Bodies, moving 
in Circles, are known to be universally as the Radii of thofe 
Circles, applied to the Squares of the Times of Revolution, 

we fhall have as ~ ^ x (R Q.) the Forge 

with which a Particle of Matter at Q, thro’ the Rotation of 
the Fluid, endeavours to recede from the Centre R, in the 
Direction Q n from whence, by the Refolution of Forces, 
the Forces in the Directions QJ and QF, arifing from the 
fame Caufe, will be — (QJ?) * an d — (R D) 54 

refpeCtively. But the Attraction in thefe two DireCtio nS > 
fuppofing Q to be the Arch of a Circle; whofe Radius is 

and 
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and Tangent B% will be to (/) the Attra&ion at the Sur- 
face of the Sphere, whofe Semidiameter is d , as (QT) x 

—~T^~+ (QD) x 3 +8 - ^ 7 " to ±, and as (R D ) x 


?B to -i. rcfpectively, by Corollary II. to the pre- 

ceding Lemma : And therefore the whole compounded Force, 
whereby a Corpufcle at QJs urged in thefe Directions will be 

i 

rightly defined by ~~ x (QT) x — -f- (QJ 3 ) x 

d B 1 


l4~B X Q —3 B y 


-(QD) X 1 V, and -V- X (RD) X 

—(RD) x The laft of which Exprefiions, that the Cor¬ 

pufcle may remain at relt, and all the Parts of the Fluid in 
Equilibrio, muft, it is manifeft, be equal to nothing ; therefore 

3 - j-B x Q—3B __ n an( j confequently the Gravitation, 
2B x 3 

or abfolute Force in the perpendicular Direction QJT, as 

(QJT) x ■ B • ■ x f y or barely as (QT) x — ; from 

d B x B% 

whence, by help of a Table of Sines and Tangents, £?c. not 
only the Value of B, but the Gravitation anfwering to any 

affigned Value of may readily be determined. But when 
is fmall, the fame Things may be effected in a more ge¬ 
neral Manner j for then our Equation 

may be reduced to — — -+- —,Gfe.=-^r, where, 

3.5 5*7 7-9 3 m 

the Series converging fufficiently fwift, B will be found = 

+ & or -— very near . 

2 m 7 - 4X7« + 8x49 mJ * 14 a* —30# 1 3 

1 ly. 
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ly. Therefore the Ratio of the equatoreal Diameter to the 
Axis will, in this Cafe, be as i H- ‘to i, or, if— 

be very fmall, barely as i -+- to Unity, the fame as Sir 

Ifaac Newton and Mr. Stirling have made it. QJi. I. 

COROLLARY I. 

B ecau f e 3+BxQr-3 B !_ ( t h e Left-hand-fide of our foregoing 
2 B 

Equation) as appears from the Nature of the Expreflion, can 
never (let B be what it will) exceed a certain aflignable 

Quantity, it is manifeft that if be fo given, as to ex- 

ceed that Quantity, the Problem will become impoflible. 
Wherefore, to determine this Limit, let B 1 = x, and the 
Fluxion of ( = H^xQ- 3 bI ) which is 

A- 6 * _ _ 

be put = o; and we (hall get gx-+-jx* —i -i-x 2 x 9 -hx 2 x 
Q== o, where x is found = 2.5293; whence the corre- 

fponding Values of and y/ 1 -+- B, come out 0.58053, &c. 
and 2.7198, &c. refpedively. Hence it appears, that it is 
impoflible for the Parts of the Fluid to continue at Reft a- 
mong themfelves, when the Motion round the Axis is & 

great, that -L- exceeds 0.58053, &c. or, that any Spheroid 

fhould be aflumed whereof the Ratio of the equatoreal D&' 
meter to the Axis is greater than that of 2.7198 to Unity* 
But if the Motion be greater than is here fpecified, the Fluid 
will contraft its Axis, and continue riflng higher and higher 

towards 




towards the Equator, till, by increafing its equatoreal Diame¬ 
ter and Time of Revolution, the Parts thereof either come to 
an equilibrium, or begin to fly off. 

COROLLARY II. 

If, inftead of the time of Revolution, the Quantity of Mo¬ 
tion of the Fluid about its Axis be given, fo as to be to the 
Quantity of Motion in a folid Sphere of the fame Mafs and 
Denfity, revolving in the forementioned Time ;z, in any given 
Ratio of r to r j then, becaufe the Quantities of Motion in equal 
Spheroids of the fame Deniity about their Axis, are to one ano¬ 
ther in a Ratio compounded of the direct Ratio of the Radii 
of their greateft Circles, and the inverfe Ratio of the Times of 

their Revolution, we (hall have as — : : : s : r % and 

confequently AO = But (becaufe the Mafles are equal) 

(P O x A O 1 ) is = di, and therefore ^~(=AO)= 

d x i -f- B 1 ‘; whence m — n x an( j »* __ 

r 2 ’ J wl 3 '*xTP't 
which Value being fubftituted for in the foregoing gene¬ 
ral Equation, we have and there¬ 
fore I+ B7 = _£11 ; from whence it will be 

B* 3'* 

c afy to determine the Spheroid which a Fluid, whofe Parti¬ 
cles are at Reft among themfelves, mult aflume when the 
Motion about its Axis is increafed or decreafed in any given 
atio ; . becaufe the abfolute Motion after fuch Increafe or De- 
crea e is given, and will be no ways aftedted by the Adtion of 
e i articles upon one another while the Figure of the Fluid 


F 


CO- 
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COROLLARY III. 


Bat (fince 3 + Bx( ^ ;B»xi-)-B^ botli when B is nothing and 
B 1 

infinite, will be = o) it is evident that the Value of 

3 d " B . ^ _ fe ~ 3 B _* 1 +** . can never, let B be what it will, exceed 
B * 

a certain finite Quantity ; and therefore if the given Motion 
be fuch that ~~pr exceeds that Quantity, it will be impoflible 

for the Parts of the Fluid ever to become quiefcent with 
regard to each other : Wherefore to determine this Limit, let 

x b: put = B% and the Fluxion of 3 +* 1 x Qr- 3 * x~ 7 +;r-'d ^ 

X 3 

ta ken and made = o, and the Equation, duly ordered, will 
be XH-24XM-27 x Q3-15 * 3 — 27^=0; where x will come 
out = 7.5 very nearly, and the correfponding Value of —— 

== 0.92705. Hence it appears, that the Particles cannot 
pofiibly come to an Equilibrium among themfelves, when 

the Motion round the Axis is fo great, that — exceeds 

0.92705, but will either fly off or continue to recede from 

the Axis in Infinitum. 

COROLLARY IV. 


Becaufe the Values of B and Qjjvhen is given, are alfo 


given, it follows that the Gravitation (QT) 


B-— o 

x- r ->', at any 

B 1 


Point in the Surface of the given Spheroid or Fluid, will be, 
accurately, as a Perpendicular to the Surface at that Point, 
produced till it meets the Axis of the Figure. Therefore the 

Gravi- 
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Gravitation or Force wherewith a Corpufcle tends to defcend 
at the Equator, is to the Gravitation at either of the Poles, as 
the equatoreal Diameter to the Axis inverfely. 

COROLLARY V. 

Hence, if the Spheroid be nearly globular, then QT, 
which by the Property of the Ellipfis, is univerfally equal to 

i-j-B’V RM-B^ 1 , will here become i-f-B 1 xR+ 5 ^, near¬ 
ly. Whence it appears that the Increafe of Gravitation from 
the Equator to the Pole, is in the Duplicate Ratio of the Sine 
Complement of the Diftance from the Pole very nearly. 

COROLLARY VI. 

Moreover, becaufe the Ratio of the equatoreal Diameter to 
the Axis, when the Spheroid is nearly globular, becomes nearly 

as i -f- ■ s --— to i, the Excefs of that Diameter above the 

4 2# 1 r ff 1 

Axis, will, it is evident, be to the Axis as -A—- ; to m z , or 

(becaufe the Forces by which Bodies are retained in equal 
Circles, are in the duplicate Ratio of the Times inverfely) as 

j of the centrifugal Force at the Equator to the mean Force 

of Gravity. Therefore, fince the Ratio of the centrifugal Force, 
in different Circles, is compounded of the dired Ratio of the 
Diameter, and the inverfe-duplicate Ratio of the Time, it 
follows that the forefaid Excefs, in Figures nearly fpherical, 
will be as the Diameter diredly, and the Denfity and Square 
<*f the time of Revolution inverfely. 


/t 



A TABLE /hewing the Time of Revolution , and the 
Momentum of Rotation of a Planet or given Fluid , accord - 
ing to the Ratio of its Axis and equatoreal Diameter. 


1: 

1,01 

11,236;/ 

0,0892$ 

1: 

L °5 

S>'Z 7 n 

0,1978 

1: 

L 5 

2,056// 

0.5568 s 

1: 

2 

1,814a 

0,6944 s 

1: 

4 

1,810;/ 

0,8774 s 

1: 

10 

2 »338 n 

0,9216 s 

1: 

20 

3 > IIO » 

0,8728 s 

1: 

40 

4 , 2 75 n 

0,8000 s 

j: 

100 

6,600;/ 

°> 7°33 * 

1: 

1000 

20,640 a 

0,4845 s 


Note. The firft Column towards the Left-hand (hews the 
Ratio of the Axis and equatoreal Diameter, the fecond the 
Time of Revolution, and the third, the correfponding Mo¬ 
mentum of Rotation, n being put for the Time in which a 
revolving Body or Satellite would deferibe a circular Orbit juft 
above the Surface of the Planet -or Fluid, when at Reft under 
a lpherical Figure, and s for the Momentum of Rotation in an 
equal Sphere of the fame Denfity, revolving about its Axis in 
that Time. 


SCHOLIUM. 

If the above Conclufions be made ufe of to determine the 
Ratio of the equatoreal Diameter and Axis, and the Variation 
of Gravitation at the Surface of the Earth, the Time n (iu 
which a revolving Body would deferibe a circular Orbit about 
the Earth, juft above its Surface, by means of its own Gravi¬ 
ty) will, it is known, be about 84 ~ Minutes, and the Value 


1 
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of m (one entire Revolution of the Earth about its Axis) 1436 
Minutes; there fore by writing thele Values in the Ratio of 

■ 35 * 5 : 

1 14 m' _30w 1 : 1 (as above found) it will become as 

T *P °435 : L or as 231 : 230 for the Ratio of the equatoreal 
Diameter and Axis of the Earth. Wherefore, as the former of 

thefe is about 8000 Miles, it muft exceed the latter by 34 ; 

Miles, and the # Gravitation at the Equator will be to the Gra¬ 
vitation at the Poles as 230 to 231. Hence it will not be 
difiicult to determine how much Pendulum Clocks are ac- 
celeiated or retarded from the Alteration of Gravitation when 
tranfported into different Latitudes ; for the number of Vibra¬ 
tions performed by a given Pendulum, in any given Time be¬ 
ing in the Sub-duplicate Ratio of the Force by which it is 
actuated, we have as ^ 230 • %/ 23 1.; or as 460 • 461 ; fo is 
the Number of Vibrations of any Pendulum at the Equator, 
in any given Time, to the number of Vibrations of an equal 
Pendulum at either of the Poles in the fame Time. Hence 
it will be as 460 : 1 : : fo is 86400, the Seconds in 24 Hours 
• to 188, the Seconds which a Clock would gain per Diem 
(from the Caufe under Condderation) when removed from 
the Equator to either of the Poles; and therefore, fince it 
is proved that the Gravitation increafes as the Square of the 
Sine of the Latitude, the Time which a Pendulum will gain 
or lofe per Diem, by being tranfported out of any one given 
Ratitude to another, is to 188 Seconds as the Difference of 
the Squares of the Sines of thofe Latitudes to the Square of 
the Radius. 

The above Proportions, as likewife that of the Axis and 
equatoreal Diameter, are derived from a Suppofition that all 
the Matter in the Earth is homogeneous (or nearly lb;) but 
1 * ie * >arts next the Centre fhould be much denfer than thofe 
neaier the Surface, the Conclufions will be pretty much affe&ed 
thereby, as will appear from the following Proportions. 

G L E M- 
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LEMMA. 

I N a Spheroid ASEPA nearly globular , whofe Denfity a- 
bout the Surface is every where nearly equal , but in the 
lower Parts thereof greater , according to any Law of the 
Difances from the Centre , if the Excefs of its Quantity of 
Matter above the Quantity of Matter which it would con¬ 
tain , were all its Parts only of the fame Denfity with thofe 
near the Surface , be to this laft Jpecified Quantity of Matter 
in any given Ratio of p to i ’tis required to find the At¬ 
traction at any Place Q Jn the Surface of Juch Spheroid. 

The foregoing ConftruCtion being retained, join QO, and 
draw OB parallel to RD; then, fince the Attraction which 
a Sphere, whofe Denfity at equal Diftances from the Centre 
is the fame, exerts on a Corpufcle above its Surface, is known 
to be as the Quantity of Matter in that Sphere apply’d to the 
Square of the Diftance from its Centre, it is manifeft, that if 
the Attraction at the Surface of a Sphere, whofe uniform 



Denfity is defined by Unity, be reprefented by j of the Ra¬ 
dius {as in the laft Propofition) the Attraction of 

i fore- 
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forefaid Excefs of Matter, 
reprefentedby^^l 

by nearly. 


on a Corpufcle at will be- 

>r by — /_!!_ A?jt_ B or laftly, 

J 3xR l + BR l ~B^ y * 

Whence, by the Refolution of 


Forces, the Attraction of the faid Matter, in the Directions 
QT and QF, will be4- t ™.and ^x(EO) nearly ; 


which being therefore refpeCtively added to loR1 d- tBK'+Bl'- 
an ^ "V X ^ Attraction in the fame Directions, of 


the Spheroid confidered as homogeneous, (fee Corol. III. Lem. 
IV.) there will arife + 1**L + * + ?* . J!i!_ 

and - p x (BO)h— x (R D) for the whole Forces 
whereby the Corpufcle is urged in thofe Directions j but O B 
being to R D, as OT to TR, or as B to i-f-B, the latter of 
thefe Forces will be as (R D) x f — -f- — very nearly. 

Q^E. L 


PROPOSITION III- 

I F a Fluid nearly globular , whcfe D nfity about the Surface 
15 every where nearly equal , but in the lower Parts 
thereof , greater according to any Law of the Diflances from 
the Centre , be revolving uniformly about an Axis ; I fay , the 
Figure of that Fluid under fuch a Rotation , A that of an 
oblate Spheroid nearly . 


The Truth of this is manifeft from the firit: Propofition 
an .^. the Preceding Lemma; for, iince the Attraction of a Sphe¬ 
roid, whofe Denfity varies according to the fame Law, is, in. 

the 
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the Direction of the Tangent QF, nearly as R D, by e 
Lemma, what hath been proved in that Proportion, with rev d 
to an uniform Fluid, holds alfo in this Cafe. 


PROPOSITION IV. 

T H E fame being fuppofed as in the Jafi Propofition, and 
the Ratio of the centrifugal Force at the Equator A E, 
to the Gravity being given (as r : i) ; to find the Ratio of the 
equatorial Diameter to the Axis of the Spheroid or Fluid, 
and alfo the Gravitation at any Point Q Jn the Surjace 
thereof 


Let the fame ConftruCtion be Rill retained: Then, fince theab- 
folute centrifugal Force at (preferred to the Centre R, is known 
to be as R Q^the Forces ariling therefrom in the Directions Qj 
and QJT, will, it is manifeft, be to the Force of Gravity as (R D) 
to i, and as (C l_P) x j to i refpedively. ^Where¬ 
fore it will be, as (R D) x : i : :<fo is (R D) x "f 
the Attraction in the Direction Q^F (per Lemma ) to 

ft -*+ A. + It + th . the DireaioI1 

3 ^ 3 R 3 10 3 ° R 

qJ j whence by multiplying Extreams and Means, and re- 
ieCting all the Terms where more than one Dimenfion of B 
*i s found as inconfiderable (becaufe the ^pheroid is fuppofed 

nearly globular) we fhall get B = VVVdV ; and confcquent- 
ly the Proportion of the equatoreal Diameter to the Axis, as 




$ rX i-f p tQ Unity. Moreover, by fubftituting this Valu 6 


of B, in the Exprefiion for the Attraction in the Direction 
QJ, we have -K-H x -'-g- + — 


b* 
from 


from which deducing y- — ^ x p+i (= QD x x 
‘ ■ ^ x R > &c.) the centrifugal Force in the oppofite Diredtion, 



there remains '+^ R -f- T+pTr x<>/»•+».,«• 
, , _ . . 3 6 Rx2 + S /> 

lor the Gravitation. QJE. I. 

COROLLARY I. 

Hence it appears that the Gravitation, in going towards the 
Pole, increafes as the Square of the Sine of the Latitude, and 
that the greatefl Difference thereof, at the Pole and Equa¬ 
tor, is to the centrifugal Force at the Equator, as 5 20 p : 

to 4 -f- 1 o p % i t a lfo appears, that the greater the Den¬ 
sity is towards the Centre, with Refpedt to that at the Sur¬ 
face, the nearer will the Figure approach to a Sphere, and 
the greater will be the Difference of the Gravitation at the 
Equator and Pole ; and that if f be conceived to become in- 
or the Attra&ion to tend to the Centre of the Fluid 
only, and not to all the Parts thereof as fome have fuppofed 
(with refpeft to the Earth) the Difference of Gravitation at the 
ole and Equator, will be equal to twice the centrifugal 
orce at the Equator, and the Ratio of the equatoreal Diame- 
nieter to the Axis of the Earth, only as 579 to 57$. 


CO- 
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COROLLARY II. 

If the Ratio of the equatoreal Diameter to the^Axis be 
given as i -\-v to i, there will be given i 

and confequently p — 

SCHOLIUM. 

The Ratio of the greateft and leaft Diameters of Jupiter is, 
according to Mr. Pound's Obfervations, as 13 to 12, and the 
centrifugal Force at the Equator of Jupiter , to the mean 
Force of Attraction, as I to 10 5 therefore, the Quantity of 
Matter in that Planet, will, according to the foregoing Hypo¬ 
thecs, be greater by juft one half, than it would if the Den- 
Cty was not greater towards the Centre, than it is nearer the 
Surface. There might, indeed, be other Hypothefes affumed, 
that would bring out the ConcluCons a little different, but 
as no Hypothefis, for the Law of Variation of Denfity, can 
(from the Nature of the Thing) be veriCed either by Experi¬ 
ments, made on Pendulums in different Latitudes, or an aCtual 
Menfuration of the Degrees of the Meridian, I fhall infift no 
further on this Matter, but content myfelf with having pro¬ 
ved in general, that the greater the Denfity is towards the 
Centre, the lefs will the Planet differ from a Sphere, and the 
greater’will be the Variation of Gravitation at its Surface. 


A 
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A GENERAL 

INVESTIGATION 

OF THE 

Attraction at the Surfaces 
of Bodies nearly fpherical. 

LEMMA. 

S TJppofing the Planes of two Curves ABDEA, Apr v A, 
nearly circular , having both the fame Equation y a =f x—• 
x*-f- gx z -f-hx 3 -J-ix 4 , C$c. to be inclined to each other at 
their common Vertex A, in an indefinitely fmall Angle B A r, 
fo as to include between them the indefinitely fmall Cuncus of 
uniformly denfe Matter ADBEprvAj/o find the Attraction 
of that Cuneus exerted on a Corpufcle at A, or the Ratio of 
the Force by which that Corpufcle is urged in the Direction 
BA. 

Since the Equation of either Curve is y*=fx — 
hxi+ix + 3 &c. by putting f—x+g x-\-h x a , &c. = o and 

f to f* 

reverting the Series, we (hall get * = -j—-f-==- 3> £?r. =3; 

f+fg-+fg\ &c. + hf*-\- 3 hf'g, &c. equal to the Axis A B. 
But the Curve being fuppofed nearly circular, and the Equa¬ 
tion of the Circle agreeing, in Curvature, with it at the Ver¬ 
tex being fx — xx y the reft of the Terms gx * 3 ix * 3 kx* y in 
the given Equation, muft be fmall in relpedf of the two firft ; 
and therefore all the Terms wherein two or more Dimenfions 
3 of 
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of the Quantities, g> i, k , G?r. are found may be reje&ed, 
as inconfiderable, and then A B will become g-¥hf z -\- 

&c. which let be reprefented by a, and let DC 
and m c reprefent any two Ordinates indefinitely near to each 
other : Putting B C (a — x) = z, Cc = z, and the Sine of 
the given Angle formed by the two Planes, to the Radius i, 
then it will be as i: e :: a — z : e x a —z, the Diftance of 
the Planes at the Ordinate D C, or the Thicknefs of the pro- 
pofed Matter at that Ordinate; which drawn therefore into 



exprefiing the Force of the Particles in the Sur- 

eyi „ 

face DCcmD (yid. p i. gives for the Attraction 

of the Matter included between the Ordinates DC and mc> which, 
by writing^/ a: — x z -hg x\^&c. for its equal y , becomes 

e z x*xf— x + gx+ bx'+ix'y &c. t 1 

_.- —=7i j wherein if a — z and 

XxXf-x + gx + i*'+ix\ 

a — g a — b a z / a* — k a* y be refpe&ively fub- 

ftituted, for their Equals x and it will become 

e z 






2a-)-z- a xg-hz—a xK 2 a — z+z—a x i x 3 aa~\az+zz 
&c. The Fluent whereof, when z is = a, will b t ea x 

3 i- 3- 5. 3-5.7. 5 . 7 . 9 .» where, if the Value of a, 

as above found, be fubftituted, t here will arife e f x 

2 ilil _i_ UL**/' , 2.4.6."8. loi/’J r , 

QJ5.L S ' ?i 7 - ^\ + 7^ 

PROPOSITION. 

S Uppofmg PASEPO to be a Solid nearly fpherical , gene¬ 
rated by the Rotation of any oval Figure PAS, whole 
Equation is included in this general Form y 2 =a 2 _Az—z 2 -—- 

BZ /"T Cz3 '^> z4 > To find the attractive Force of that 
Solid exerted on a Corpufcle , <7/ any given Point Q in its 
Surface. 


^ et Q.R L and C B r be perpendicular, and r L parallel 
Jo the Axis P S, about which the Solid is generated ; and let 
Ojl be the Axis of any Se&ion, Q^zH£Q_of that Solid, 
^>rmed by the Interiettion of a Plane patting thro’ the given 
1 oint Qperpendicularly to the Plane PASO of the <*enera- 
ting Curve. Putting RQ = a, RB = z y B C ==y, the Sine 
the Angle RQ^H, to the Radius 1 =p , its Cofine = q, 
and its correfponding Ordinate ra=u. Then, by 
plain Trigonometry, we (hall have QL == q x , and rL=px^=z ; 

! which 
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which Value of z being fubftituted in the Equation of the 
given Curve, it will become y* (= B C 1 ) =a 2 Apx - 

pi X i _B p 2 x 2 —C p* x 3 , 8 c. whence u % (= B C 2 —B r*) *=aA— 

Apx — ji % x -—B f x *—Cp x\ &c. —aa -\-2 aqx — f **=== 

2 a q —A p x x — i -h B/> 2 x x 2 — C/> 5 tf 3 — D p*x*,&c. Let 
now a Plane be conceived to revolve about the Point Q 
as a Centre,', continuing always perpendicular to the Plane 
P A S of the generating Curve j and let Q/j H, and Qjn k % 
be two Pofilions of that Plane indefinitely near to each 
other ; and, fuppofing F h to be an Arch of a Circle whofe 
Centre is and Semi-diameter Unity, let h m , the Fluxion 
of that Arch be denoted by e : Then by writing 2 .aq —A p for 
_B^ 2 for^,—C/> 3 for h , 8c. in the above Lem ma , we 

s, ^ 2X2 a q — A p 2 4B/ 1 X 2 « j — Ap 

fhall have e into -*-———- 

_ 3 _ 

2-4.6C/ 1 X 2 « f—A p'[ 2.4-6. 8D/^ X 2. a q A p_ , £ or 

3.5. 7^ 3* 5* 7-9* 

the Force wherewith the Corpufcle at Q. is impelled in the 
Direction QH by the Attra&ion of the Cuneus of Matter 
included between the two Se&ions Q H and Q£. But, to re¬ 
duce this Expreffion to a more commodious Form, let Q F be 
a Tangent to the generating Curve at the Point Q^and QT 
perpendicular to it, and let the Sine G b t of the Angle 
OF S} and its Cofine Q^G = v : Therefore, fince the 
Fluxion of the Ordinate B C, when B R or z is = o, is to the 
Fluxion of PB as -A- to Unity, the Tangent of the Angle 

RQT will be = A ; confe 3 uentl y its Sine — 77=+^ 
and its Cofinc = — : Wherefore, as the Angle BOS’ 

is the Difference of the two Angles BQJT, RQjT, the^jjne 
of that Angle will be ^===, and its Cofine ^00 

(by the Elements of Trigonometry) which Values being there- 
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fore refpe&ively fubftituted for p and q in the forefaid Ex 
preflion of the Force, it will become * 1 s ~-^ A A * 

2 .4 ^;Bx 2 a<v —iA' 1 2.4 6 es* C X 2 a <v — jA* 1 
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to 


2X4 aa+A 1 _ 2 -_± 


- - ■ ' i t 2.4.6/C 

3-s x2J ' J ~ iA -TTT' X 


|/4 afl ‘}‘^A 3 

2 * <y _ jA' 3 , &c. that in the Diredion QF; which Quanti¬ 

ties are it is manifeft, as the Fluxions of the whole Force 
exerted* by the Part QH P Q^of the Solid in thofe Diredions. 
Let now another Plane QJC, be fuppoied to revolve about 
the fame Point Q»_and with the fame Velocity as the for¬ 
mer, but in a contrary Diredion, fo as to meet and coincide 
with it in the Perpendicular Qw ; then v, in this Cafe, be¬ 
coming Negative or — v, the Fluxion of the PartQ K AQ 

in the faid Diredions, will be ^=^- A - A - x ^ + . A .L- 


2 '- + — n —2 a — 


35 
and — 


2 . 4 . 6 /C --- 

- - —— x — 2a v — s A' 3 , &c. 
3- 5-7 * 


x. 2X4 * +A - — L+l x — 2 av—sA\&c. 
V 4 A A 3 3-5 

refpedively ; wherefore if thefe Fluxions be ad ’ed to thofe 
of the former Part in the like Diredions, and c be fubftitu- 


tcd inftead of 2 a , we {hall have 


e c -pA A 


2 X £ c -f. A 1 


_ ia±x«*‘U* + /*A*- 

3- 5 _ 


—-- 6 x 3 c * , u a A H-A 3 and 


3- 5 


for the Fluxions of the whole Force in thofe Diredions: 
But, fince the Triangles Qjo G, and m h n are fimHar, e (= m b) 

will be = — or and confequently the faid Expreflions, 


y'l —js 

by writing indead of will become — ; - 2 s - x x 

• 1 —//i V ce + AA'x 1 —ss i ^ 

_ i±? x AW w+ 

3 3.5 3-5-7 J _. 


&nd 


y/ ( z A Z, X I-il : 


X TaTTV — X 

-3-5 3-5-. 7 




3 A*cs+v*-\-ci &c. refpe&ively; the Fluents whereof 
when j = i, fuppofing the length (r) of the Arch Yhe gi^ 
ven, may be eafily had from the Lemma in Page 4. and will be 



A S + + xA(4-ixA‘ + £f- X A 4 C z 


X Ac— A’c-)- — 


2 B 


-/^+A 3 


into 


5 E 


7* S 


2. 3 


X f3- 


.iilx A3c-f-|-i xAfJ 


- — 9 x A n + ^-x A ^ + xr J+ JL 


A s f + .£|xA3 f 3 + li±iJ: xAf!j &e , where the Law of 

Continuation is manifeft : And thefe Fluents do, it is evi¬ 
dent, refpeaively exprefs the Ratio of the abfolute Forces 
whereby the Corpufcle is urged in the Directions QT and’ 
QF; from which, by the Compofition of Forces, kTth the 
Direction of Gravitation and the Force in that Direction, may 
be eafily determined. 0 p / 
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To determine the height of the Tides at 

any Planet, caufed by the AttraElion of a 
Satellite or other remote Body. 


Let P S be the Planet, taken as a perfect Sphere, except by 
fo much as it differs therefrom through the Caufe under 
Confutation (which will caufe no fenfible Error in the Solu¬ 
tion) and let B H be the propofed Satellite; let the Pittance 
O C of the two Bodies, in Semi-diameters of the former, be 
reprefented by d, and the Quantity of Matter in the former 
be to the Quantity of Matter in the latter, as i to m : Let 
P E S A P be a Section of the Planet formed by a Plane paffing 
the Centres O and C, Q any Point in the Perimeter of that 
Sedion, FQ/a Tangent at that Point, and QT perpendicular 
thereto ; make QR and O E perpendicular to O C, and R U 



to QT; putting / to reprefent the accelerative Force of the 
Planet at Q, in the Diredion QT, and x_OR ; There¬ 
fore, fince the Attradions or accelerative Forces of Bodies, 
known to be as the Quantities of Matter in thofe Bodies (U- 
redly, and the Squares of the Diftances from their Centres m- 

or as i: ; : fo is f : 

to 


verfely, we (hall have as qqi : 
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to ===rj, the accelerative Force of the Satellite at the Point 

a — x 1 

Q, becaufe CC^and QJl may be taken as equal ; and 
for the very fame Reaion, the accelerative Force at E 

will be -j— i but the Difference of 

thofe two is, it is manifeft, as the whole Force whereby a 
Particle of Matter at Q. tends to recede from A E, or to alter 
its Situation, with refpeCt to the Body of the Planet. Now 
this Force may be refolved into two others, one in the Di¬ 
rection of the Tangent Q.F, and the other Perpendicular 
thereto; whereof the former, which is nearly expounded by 

-jp * R D, fhews how much that Particle, by the Attraction 

of the Satellite, is urged in the Direction QF : Wherefore, 
this Force appearing to be in the limple Ratio of R D, the 
Attraction of the Planet in the contrary Direction Q/, as it 
is every where equal to it, muft confequently be in the Ratio 
of R D; and therefore the Figure of the Planet a Spheroid by 
what is proved in Page 14. 

Let therefore the Square of the Diameter P S, to the Square of 
the Diameter A E, be now alfumed as 1 : to i-f- B, then the 
Forces exerted, by the Planet in the Directions QJ and 

Qy; will be to one another, nearly as - : to — x RD, as 
appears from Page 13. 

Hence we have as - to — 2 ? xRD::/’: xRD; where- 

3 3-5 ' d‘ 

fore B = and confequently OP — O A = xOP. 

a e. 1 . 

COROLLARY I. 

Hence it appears, that the Forces of the Planets, or any 
remote Bodies, to produce Tides at the Earth’s Surface, are 

to 
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to one another as the Quantities of Matter in thofe Bodies di¬ 
rectly, and the Cubes of their Diftances inverfely, or as- their 
Deniities and the Cubes of their apparent Diameters, con- 
junCtly? and this, it is evident, holds equally, whether the 
Earth be confidered as partly covered with Water, or uni- 
verfally fo. 


COROLLARY II. 

If d be taken = 6o, m = —, and O P = 21120000 Feet, 

40 

and thefe Values be fubflituted in the foregoing Theorem, 
there will come out 6.11 Feet, for the height of the Tides 
which would arife from the Attraction of the Moon, was the 
whole Body of the Earth quite covered with Water. 
Hence it follows, that tho’ the Tides when forced up Rivers, 
and into narrow Inlets, are found in fome Places, at certain 
particular Times, to rife to a height greater than 40 Feet, yet 
in the Main Ocean, the greateft Alteration of the height ol 
the Surface of the Water that can pofiibly happen, when the 
Forces of the Sun and Moon are both united together to pro¬ 
duce the Effedt, and the Moon is in its Perige, will never ex¬ 
ceed 11 Feet; nor can it be quite fo much, fince, even in 
the great Pacifick Ocean, it muft be lefs than it would, W# 
the whole Earth quite covered with Water. 


ft 
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To determine the Length of a Degree of 

the Meridian, and the meridional Parts an- 
fwering to any give?i Latitude, according to 
the true fpherodical Figure of the Earth. 

Let P O S be the Axis, A O the femi-equatoreal Diame¬ 
ter, and P BAS a Meridian of the Earth; and from any 
Point B in that Meridian, perpendicular to the Tangent B Q, 
draw BT meeting PS in T; and upon the Diameter P S 
deferibe the Semi-circle P v a S, making O v parallel to T B, 
Br to PS, and vn, BC, and Qr</, each to AO; putting 
PO=i, AO = </, OC=at, Br (C^)=^ d z =i~\-b, the 
Sine (O ti) of the Latitude of the Place B, to the Radius j, 


A 



= i, and the meridional Diftance anfwering to that Latitude, 
in Parts of the Axis P O, =y: Then by the Property of the 

Ellipfis, we have BC=^i—CT=^*, and BT = 
dy/i-^hx 2 ; but as BT : CT : : O v (i) : O n (s ); whence * 

< OC) and * r (*> 

L 5=3 
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= Therefore, becaufe the Triangles Onv, BQr 


<r-—b 


are fimilar, it will be as y/i —ss ( nv) : 1 (O^) : : 


i'—bs* K- 


( B ') ^ —|fe S | = BQ^ tt d«^(BC):<AO):: 
SS CT 5 W < B <*>; *=ih=r, => ‘ but rafe=f, 

may be reduced to - T^b, r * ™hich Fl uent being 

taken, we fhali have^ equal to 2 - 3 -^ 8 ^ into the ( Brigean ) 
Log. of “j j -— ~ 3 -- ^ — into the ( Brigean ) Log. of 
: But as 3.14159, x 2 d, theMeafureof the whole 

d—bis 

Periphery of the Earth at the Equator, in Part of the Semi¬ 
axis P O, is to 21600, the Meafure of the fame Periphery in 
Geographical Miles, fo is this Value of y, to 3958 x Log. 

* x Log. , the Value of y in Geogra¬ 

phical Miles, or the meridional Parts required. 

Moreover, becaufe the Fluxion ( d J ) of the 

\ d l — bs x <*x 1 —ss x J 

Arch AB, is to the Fluxion of the correfponding 

d'- 

circular Arch av> whofe Sine is j, as to 1, it is evi¬ 

dent that the length of that Degree of the Meridian, whofe 
Middle is B, will be to ~ the length of a Degree of the 

Circle P a S in the fame Ratio of -■ d - L -=i to 1 very nearly, 

d-—bssi J 

> and 


d z y/l—SS ( 
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and therefore is equal to == ^ =| fuch Parts (or Miles) where¬ 
of every Degree of the Equator contains 60. Q^E. I. 

COROLLARY I. 

If we confider the Earth as (it really is) nearly fpherical, d 
will be nearly = i, and confequently the Value of b very 

fmall, in which Cafe 39 S^j; x Log. ] T - becomes =ygi6bs 
nearly ; and confequently y = 3958 x Log. — 7916^ : 
But if we confider it as a perfect Sphere, then 2 x Log. 

^ rb \ s - will be = o, and therefore y = 3958 x Log. 

which Value, it is eafy to prove, is equal to 7916 multi¬ 
plied by the Logarithmic Tangent of half the Didance from 
the remoteft Pole (Radius being 1) Therefore, if this Product, 
or the meridional Parts anfwering to the given Latitude, when 
the Earth is conlidered as a perfect Sphere, be denoted by Q, 
it is manifefl that the meridional Parts anfwering to the fame 
Latitude, when the Earth is taken as a Spheroid, will be de¬ 
fined by 0^—7916^, or Q-— 68.5*; becaufe 1-f-^ 1 * being to 
1, as 231 to 230, (as has been before determined) 7916 bs is 
= 68.5*. 

COROLLARY II. 

Moreover, becaufe the Earth is nearly fpherical, 150 ^ 

will be nearly = 60 * 1 2 = 60 x 1 -f- - xi — - x b — bs 2 

i-| -b — bss 'r 

&c. = 60 x 1—^4, whence it appears that the 

length 
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length of a Degree of the Meridian iocreafes, from the Equa- 
tor°to the Pole, in the duplicate Ratio of the Sine of the La¬ 
titude very nearly. 

EXAMPLE. 

Let it be required to find the meridional Parts anfwering to 
50° Latitude, every Degree of the Equator being fuppofed to 
contain 60 Geographical Miles. Here the artificial or loga¬ 
rithmic Tangent of (70°) half the Diftance from the remoteft 
Pole is 0,438934, which being multiply’d by 7916, gives 
3474,6 for the meridional Parts anfwering to 50° Latitude, 
confidering the Earth as a perfetf: Sphere : But as Radius 
..to the Sine of 50, fo is 68.5 to 52.5; which taken from 
3474.6, leaves 3422.1 for the true Value required. The like 
of any other. 


SCHOLIUM. 

From the foregoing Conclufions, the Ratio of the Equato- 
real Diameter and Axis of the Earth may be determined, by 
knowing (from Experiment) the Ratio of the Lengths of two 
Degrees of the Meridian: For if the Sines of the Latitudes in 
the Middle of thofe Degrees, be denoted by s and S , and the 
Lengths of the Degrees themfelves be to one another, as 1 t0 
//• then, from what has been found above, it will be as 

* : * : : OT tCTT WhenCC * X dl ^ [l = M?ji ’ 

and therefore ti\ x dd — bS 2 =dd — is 2 ., but^=i+^; whenc®> 
by Subftitution, T+bv-n'—b^ x n'= 6 s 2 , th erefore^ 

- • Froin 

whence it appears, that the equatoreal Diameter will be to 


Axis as i 




*—Ujjt 

of the two Degrees are nearly equal, or the Figure differs^ 


to i. 


But when the Meafu feS 
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little from a Sphere, n will be nearly = r, and therefore, if 
inftead of n we fubftitute i-Htf, we fhall have ni = i 4- ~~- 

nearly, and confequently b —^== (becaufe all the Terms 

5 ^ S 2 — s 1 

of the Denominator, in which m enters, may be rejected as 
inconfider able) Therefor e, in this Cafe, the required Ratio 

wiU be as i 4- —===■/ to i, or as i 4- — to i, very 

3 X » —S 3 X b -J 

nearly. 


A TABLE Jhewing the length of a Degree of the Meridian , 
in fuch Parts (or Miles) whereof every Degree of the Equa¬ 
tor contains 6o. 


o 

n 

ctq 


O 

09 


O 

n> 

09 


2 

4 

6 

8 

IO 

59.482 

59.484 

59.488 

59.495 

59.503 

32 

34 

36 

38 

40 

59»695 

59 * 7*9 

59*745 

59 * 77 * 

59*797 

62 

64 

66 

68 

70 

60,083 

60,105 

60,127 

60,147 

60*165 

12 

H 

16 

18 

20 

59 . 5*3 

59 . 5 2 4 

59.537 

59.552 

59 > 5 68 

42 

44 

46 

48 

5° 

59,823 

59,851 

59,878 

59,905 

59,932 

72 

74 

78 

80 

60,182 
60,208 
60,21 2 
60,224 
60,235 

22 

24 

26 

28 

3 ° 

59.586 

59,605 

59.626 

59 , 64 8 

59,671 

5 2 

54 

5 o 

58 

60 

59,959 

59,985 

60,011 
60,036 
60,060 

82 

84 

86 

88 

90 

60,244 
60,251 
^60,256 
; 60,259 
|6o,26i 


M 


A 
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A 

DETERMINATION 

OF THE 

Refraction which a Ray of Light 
fuffers in its Paflage to the Earth, 
proposition i. 

S Uppofing the Velocity of Light, in refpeB to the Velocity 
Juffcient to retain a Body in a circular Orbit about the 
Earth jujl above its Surface, to be very great: I fay, the 
greatejl horizontal RefraBion that would arife from the 
Attraction of the Earth , will be to 57 0 17' 44*, as the 
Square of the latter of thofe Velocities, to the Square of the 
former very nearly . 

For, fince the Earth’s Attra&ion is in the inverfe duplicate 
Ratio of the Diftance from its Centre (O), the Curve D A 


which a Particle of Light would defcribs thereby (fettin gall other 
Caufes afide) will, it is known, be one of the Conic-Se&ions} 
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and therefore, fince the Velocity of Light is fuppofed very 
great in refpedt to the propofed circular Velocity, it muft be 
an Hyperbola ; whole Semi-Tran fverfe, and Semi-Con jugate 
Axis (AC and CP) if the Ratio of the faid Velocities be 

put as n to i, will be and — relpeClively (as is 

proved in Page 153 of my Book of Fluxions.) Therefore, 
if the Afymptote C B be delcribed, it will be as ~ - * - AQ to 
AO i . . 

, or as 1 to —7=, fo is Radius, to the Tangent of 

fly 1112 - 2 ° 

P C B, the total Rcfradtion of the Ray A D indefinitely pro¬ 
duced. But fince n is here very great, —= is nearly == 

i therefore, the Tangent of a very fmall Arch being 
nearly equal to the Arch itfelf, ~~ will be the Meafure of 
the Angle B C P, to the Radius 1, in Parts of that Radius; 
hence we have as x to or as nn to 1, fo is 57 0 17' 44" 

the Degrees, in an Arch equal to the Radius, to the Re- 
fradtion, or Degrees, &c % in the forefaid Arch, whofe length is 

"ST- QJ&& 

SCHOLIUM. 

It is found, both from the Periodic Time of the Moon and 
from Experiments of Pendulums, that the Velocity fufficient 
retain a Body in a circular Orbit about the Earth, juft 
above its Surface (fettiag afide all Refilbnce, &c.) muft be 
toch as would carry it uniformly over a Space of 4.95 Miles 
per Second. Therefore, if Light, according to Obfervation, 
moves thro’ a Space equal to the Semi-Diameter of the Mag- 
nusOrbis in 8 Minutes time, and the Sun’s Paralkx by 10 Se¬ 
conds of a Degree, the Velocity of Light muft be to tire 
I Velocity 



Velocity above named, nearly as 34 ° 9 ° *° 1 • Hence we have 
as 34.090^* : i l : : 57° 17' 44 ' • 35 " l8v ‘> for the Horizontal, 
or greateft Refra&ion arifing from Gravity. Whence it ap¬ 
pears, that but a very fmall Part of the Refra&ion obferved 
in the Sun, Moon and Stars, can be owing to the forelaid 
Caufe, even (hould the Velocity of Light, in reality, be 
much lefs than it is at prefent fuppofed. And therefore in all 
Practical Enquiries, about the Refra&ion of the Heavenly 
Bodies, the Confideration of Gravity may be entirely negledted, 
as altogether too fninute to caufe any feniible Alteration. 

PROPOSITION II. 

q'o invejligate the Curve , 'which a Ray of Light , or any mo - 
ving Body , mil defcribe by any given Force , continually 
urging it perpendicularly towards a given Plane . 

Let EGL be the given Plane, AE the required Curve, 
H and v any two Points therein indefinitely near to each 
other ; and let the Force by which the Body or Particle is urged 
towards E G, be reprefented by the Ordinates B D, &c. 01 
any given Curve SDL, whofe Axis AG is perpendicular to 



EG ; drawRH B, vrkn and QAS parallel to EG, and p ut 
AB=*j BH = y, BD=Q l AH=z, Hr (=B*)=^ 
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vr=y, the Area ASDB=j, the Sine of the Angle G AH 
to the Radius i, z=b, its Cofine = r, and the Velocity at the 
Point A=g: Therefore as i : b : : g : bg t the Velocity at 
A in the Direction AQ; which, becaufe the Motion in the 
Direction of the Ordinate is not at all affected by the Force 
adting in the Direction H r, muft alfo be the Velocity at H 
in the Direction H R ; wherefore that in the Direction PI r 

will be - g A , whofe Fluxion making y conftant, will 

therefore be as Q j -L-, that is, as the Force by which 
the Motion is accelerated at H, drawn into the time of de¬ 
ferring H v: Hence, by putting = -S-L we have **.**..* f- 

y b i yy 

= Qx:(=BD ?ik)=s, and confequently, by taking the 
Fluent on both fides, - b = s -f- fome conftant Quan¬ 
tity d j which to determine, let B coincide with A; then s 
being = o, will become — d , but - 4 - being there 

= y, d will be = —j-> and confequently -- * * ==r-f- 

. . . 2 S 

% . . 6i */*+— _ 

e — s — : Wherefore y = -—. and z = —==#j from whence 

2 */cc 4 -— / i 2t 

ce gg 

when s is given in Terms of x , the Values of y and z will 
be alfo given. QJL I. 


COROLLARY I. 

Becaufe the Value of s at all equal Diftances from the given 
Plane EL is the fame, and (b) the Sine of B AH is to 

= - 4 - ) the Sine of rHv, as */ i y- to i, it 

follows, that the Sines of Refraction, or of the Angles, which 
N any 



[ 5 o] 

any two Rays AE, AK (having the fame Velocity at A) 
make with the Perpendiculars F E, TK, at entering the given 
Plane or Surface E L, will be to one another as the Sines of 
the given Angles E A G, K A G. Therefore if the Refraction 
in any one Cafe, or anfwering to any one Angle K A G, be 
given from Experiment, the Refractions in all other Cafes will 
from hence be given, let the accelerating Force be what it 
will. 

COROLLARY II. 

But if the Force whereby the Particle, in its Paffage be¬ 
tween A Q^and E G L is accelerated, be the Attraction of an 
interjacent Medium, whofe Denfity in going from QS increafes 
according to fome given Law, not only the fame Thing, but 
the Curve itfelf will be had: For, let B k be fuppofed con- 
fiant, or taken every where the fame; then (BD) the accele¬ 
rative Force of the Medium, or the indefinitely little Area 
B X)nk, will, it is evident, be as the Difference of Denfities in 
B and k, and confequently the Sum of all thefe indefinite 
little Areas, or the whole curvilinear Area ASDB, as the 
Difference of Denfities in A and B. Therefore fince s is as 
this given Difference of Denfities, the Nature of the Curve 
will be readily had from the Equations foregoing. And hence 
it appears, that, if the Denfity in Q S be nothing, and that 
in E L given, the Refraction will alfo be given or remain 
invariable, let AG, the height of the Medium, and the Law of 
Denfity be what they will, and therefore is the fame as it would 
be, was the Ray to be refraCted immediately out of a Va¬ 
cuum into the faid given Denfity. 

COROLLARY III. 

Hence may alfo be found the Law of Denfity, whereby * 
Ray of Light fhall deferibe a given Curve; For if b ** 
i tak cfJ 
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taken ■= i, fo that A may be the principal Vertex of the 
Curve, y will then become barely ;= --== and therefore s ~ 

i ^ZS 

which is as the Denfity required. 


EXAMPLE I. 


Let the given Curve be a Circle: Then y being ^y/Trx^xx 

— a„d,( = ^L )= 4l Si;Therc ; 


y is = 


V* 


fore the Denfity is as ==-^-, or as the Square of the Tan¬ 
gent of the Diflance from the higheft Point. 


EXAMPLE II. 

Suppofe the Denfity to increafe uniformly; to find the 
Curve : Here by writing a: inftead of j, in the former of the 

two Equations, in Cor. III. we ha y == , and therefore 

y=gx/ 2 lc> which anfwers to the common Parabola?; the 
like of any other. 


PROPOSITION HI. 

To find the Curve which a Particle of Light or any moving 
Body will deferibe by any given Force, continually urging it 
dire Elly towards a given Centre , 

Let O be the Centre to which the Body or Particle is urged, 
A R the required Curve, v and n any two Points therein in¬ 
definitely near to one another, and A F, v T Tangents at A 

and 
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and v ; to which let OF and OT be perpendicular, and from 
the Centre O let the Circles A b H, k n, and B v be defcri- 



bed : Let the Velocity at A be reprefented by Am , and that 
at v by A r, and let the Force whereby the Body is urged to¬ 
wards the Centre O, at any Pittance O B therefrom, be de¬ 
fined by the Ordinates B D, B D of any given Curve S P D: 
Putting AO = a, Am=g y A r = v, BD == Q^O v = 
Pt; = x, vn=z , the Area ABDS=j, and the Sine of 
RAB or OAF to the Radius i, = h Then by the 

Refolution of Forces, it will be as zi x : : Qj the Force 
acting in the Direction v n y whereby the Motion at v is acce^ 
derated or retarded, which therefore drawn into — the Time 

V 

.of defcribing n v gives = (—v) the Alteration of Ve¬ 
locity 




[ S3 ] 


locity in that Time: Hence we have v v = — (= 

BDP^) = — s } and, by taking the Fluent on both lides, 


— = g — — s ; whence v = 4/e 2 —2 s. Wherefore becaufe 

2 2 ’ v " 

the Velocity, be the Law of Force what it will, is known to 
be inverfely as a Perpendicular falling from the Centre of 
Force to the Tangent, we fhall have b a (F O) : g (A ;;z) : : 


x/g*—2 s (A r ): OT= 


bag 

Vg r — 2' 


v T= 

\/g Z —2S 


But as v T : O T : : vp :p n = . — bg .‘L^---.- and as 

OP : pn : : 1 (Radius) to — ; the Fluxion or 

v ' xy/g x x —zsx 1 — b a*g* 

Decrement of the Angle AO-u; from which, when the Re¬ 
lation of x and s is given, the Curve itfelf will be given. 

QJE. I. 


COROLLARY I. 


If the Curve A R be that formed by a Ray of Light in 
palling thro’ an elaltic Medium, and the Refradion be requi¬ 
red ; then O T being = *—~= its Fluxion will be ====7 
Vg— 2 * _ g'—isV 

which divided by .^ 1 —( = T v ) gives 
Vt— ls 

=—•- ^ gs —r- . ■~ - QT x —-— for the Fluxion of 

g 1 —zs X y/g z x z — 2 SX 1 — a z b x g x T <v g 1 — z t 

the Refradion, where s is to be delined by the Difference of 
Denlities in A E and B v, for the very fame Reafon as in the 
laft Proportion. 


COROLLARY II. 

Hence, becaufe the Refradion (x which a Ray 

of Light fuffers in palfing thro' any given Stratum of the Me- 

O dium. 
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dium, B vpk, appears to be as, the Tangent of Inci¬ 
dence on the Surface of that Stratum and — conjunCtly, it 
OT ^ 

is manifeft that if as well as g 4 —2r, be every where 

nearly the fame, the whole Refraction or total Bending of 
that Ray, will be as the Tangent of the Angle RAB, 
and the Denlity of the Medium at the Surface AE very 
nearly. 

SCHOLIUM. 

The Iaft Conclufion will be found to afford a fhort and 
very ufefui Theorem for determining the Refraction which 
the Light of the heavenly Bodies fuffers in palling thro* the 
Earth’s Atmofphere, by the help of one Obfervation only, in 
all Cafes where the Zenith Diftance is not very great: For 
let A E, &c. reprefent the Surface or a great Circle of the 
Earth; then, becaufe the Atmofphere at a fmall Height A B, 
above that Surface, in Comparifon of the Semi-Diameter 
A O, rauft be extreamly rarer than at the Surface itfelf, the 
Refraction beyond fuch Height will, at raoft, be but very 
fmall, and therefore the Curvature, which any Rays R'oA,. 
CcA y fuffer below Bcv, may be confidered as their total 
Refradions. But thefe Refractions being found by Experi¬ 
ment to be but fmall, the Angles vAB and A'uO will be 
nearly equal, and therefore, if not very large, their Tangents 
will likewife be nearly equal; from whence, and what has 
been faid in the laft Corollary, it plainly appears that, let the 
Law of Denfity of the Atmofphere be what it will, the Re¬ 
fractions of the Sun, Moon and Stars, at all Altitudes except 
very fmall ones, will be nearly as the Tangents of their appa¬ 
rent Zenith Diftances drawn into the refpeCtive Denfity of 
the Atmofphere, at the Places and Times, for which fuch Re¬ 
fractions are to be determined y and therefore if the Denfity be 
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the fame, are fimply as the Tangents of their Zenith Diftances. 
But now to eftimate in fome fort, how near this Proportion 
comes to Truth, and how far it may be relied on; let any two 
convenient Altitudes, i. e. that are neither very fmall nor 
very near each other be alfumed. Suppofe one of 20, and the 
other of 40 Degrees, and let few L, &c. be a Circle, or fphe- 
rical Surface dividing the Atmofphere into two Parts fo that 
the Denfity at that Surface may be equal but to half the Den- 



fity at A. Now the Height of this Surface above A E, the Sur¬ 
face of the Earth, from the known Properties of Air, and Ex¬ 
periment made on the Tops of very high Hills, cannot be more 

than about c Miles, or ^ of the Earth’s Radius. Therefore 

we have, as 1 -p (Ow) : 1 (AO) : : the Cofine of (RAE 

= 20) the lead: given Altitude to the Sine of 6q° : 48', which 

being 
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being increafed by i Minute on Account of the Curvature 
of the Ray A™, gives 69° 49', for the Angle OwA very 
nearly. And in the fame manner the Angle O^A, corre- 
fponding to the other given Altitude, will be found 49 0 55'. 
Now it hath been proved, that if the Angles of Incidence 
OjA, Or A, continued every where invariable, or equal to 
themfelvcs, the Refractions would be to one another exactly 
as the Tangents of thofe Angles; therefore, becaufe the Diffe¬ 
rence of the Tangents of -yAB and OwA, &c. is but little, 
and the Refraction above and below the Suiface few L, nearly 
equal, therefore may 69° : 49', and 49 0 ; 55', be taken as mean 
Incidences, and then the Refractions, anfwering thereto, will 
be to one another as the Tangents of thofe Angles, or as 1 to 
0.4372 ; which Proportion being much nearer the Truth than 
that of 1 to .4338, ariling immediately from the Theorem, 
the Error, in the confequent Term of this laft Proportion, 
cannot, it is plain, be much greater than (.0034) the Diffe¬ 
rence between .4372 and .4388; which, fhould it be even 
double that Quantity, would fcarce caufe an Error in the Re¬ 
fraction itfelf of a tingle Second. Nor is it in this one parti¬ 
cular Cafe only, that the Rule anfwers fo exactly, the Error 
here being nearly as great, if not greater, than it can be in 
any other Cafe, where the leaft of the two propofed Altitudes 
is not lefs than 20 Degrees, as is eafy to fee from the Reafons 
foregoing. Hence it appears, that if by any Means we can 
come at the true RefraCtion correfponding to any one given 
Altitude, not lefs than about 20°, the RefraCtion at all higher 
Altitudes, for the fame Denfity of the Atmolphere, may be 
had from the forefaid Proportion, and that to a fingle Second. 
And this is to be the more relied on in Practice, as it does not 
depend on ajiy particular Hypothecs, for the Law of Denfity 
of the Atmofphere. 

The Refractions in fmall Altitudes, which remain to be 
confidered, are not fo certain and eafy to come at, nor indeed, 
to be computed at all but by Virtue of fome Hypothefis. 

7 the 
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the Denfity of the Atmofphere, in going from the Earth, be 
fuppofed to decreafe uniformly (which Law will be found to 
anfwer better to Experiment than the commonly received one, 
founded on the Elafticity of Air) and b be put for A B the height 
of the whole Atmofphere, in Parts of the Earth’s Radius, 
and k be afliimed equal to the greatelt Value of s , correfpond- 
ing to this Height, then will i be to x as k to b , and the 
Fluxion of Refraction (found in Cor. I.) will become 



jabgkx 


abg 


===== and is therefore to - , . --_ 

i xv'g t x'~2tx 1 -a z i 1 g‘ 

the Fluxion of the Angle AOv, as *_^ to^, or, if a be 


bxg* -2 -2«r i - 


taken = i, and £=i, as k to h x —♦ which, becaufe 

* and i—2 s are always nearly the fame, will be as k to b 
v ery nearly. Wherefore, becaufe the Angle ‘uHB is equal 
P to 
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to both the Angles O^H, HO'y, the Fluxion thereof, or 
that of the Refradtion, will be equal to the Fluxions of both 
them two, and is, therefore, to the Fluxion of — O-uH, in 
the conftant Ratio of k to h — k ; therefore the Fluents them- 
felves (corrected by their proper conftant Quantities) muft be in 
the fame conftant Ratio, that is, the Refradtion will be to the 
Excels of OAF above OvH, as k to h — k. But, ftnce 

O T is found above to be = ^=— or ■ . ■■ -=- ■ ( becaufe 

Vi *— 2 s ‘y/l — zt v 

a= i, g= i, &c.) the Sine of OjH is given = _ b 

_ I +h -/ 1- 2 k. 

( = -§£) * 1 — h+K very nearly. Therefore it will be 

as i to i— h-\rk : : fo is the Sine of any apparent Zenith 
Diftance, to the Sine of an Arc, the Difference between 

which Arc and the Zenith Diftance, multiplied by will 

give the Refradtion fought; from which Proportion, the Re¬ 
fradtion may, in any Cafe, be determined, when h and k are 
given from Experiment j both which may be had from two 
Obfervations. 

But if the Altitude be pretty large, then the Difference of 
the two Arcs meafuring the Angles OAF, O-uH, being nearly 
equal to the Difference of their Sines into Radius, applied to 
(c) the Cofin e of the former, the Refradtion will be barely 

- x k ( = by ' b pt x | and therefore in any fuch Cafe, the 

Value of k may be found from one Obfervation only. For 
an Inftance hereof, let us fuppofc the Refradtion at the Alti¬ 
tude of 30 Degrees to be given from Experiment, = 1' 30"^^ 
then the length of an Arc of i' 30"!, in Parts of the Ra¬ 
dius, being = .00044 and the Tangent of 6o°, = i.y 3 2 > 

we have 1.732 k = .00044, and therefore k = .ooo253' 
By help of which, the Refradtions at - very fmall Altitudes 
may be alfo found, when the Refradtion anfvvering to any one 
* fuch 
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fuch Altitude is given. Suppofe, for Example, the horizontal 
RefraCtion, correfponding to the above Value of k, to be gi- 
ven = 33', and let the Refraction, at the apparent Altitude 
of 5 0 , at the fame time, be required : Becaufe b x k y the 
Difference of the Sines of the Angles OAF, OjH, here be¬ 
comes =h —£ = the verfed Sine of the Complement of CK>H 
to a right Angle, the Arc correfponding to this verfed Sine, or, 
which is the fame, the Difference of the Arcs meafuring the 

faid Angles, will be nearly =v /2x h—k , by the Nature of 
the Circle; and therefore x ,/2 x h—k will be equal to 

(.0096) the Arc meafuring the given RefraCtion in Parts of 
the Radius; whence = .00009216, and h—k = 

.^0 ^046 0 8 = .° OI 39 (becaufe 000253 ) and therefore 
is = — or very nearly. Wherefore from the fore¬ 
going Proportion, we have this Rule : As 1 to .9986, &c. or as 
Radius to the Sine of 86° 58'f, Jo is the Sine of any given Ze¬ 
nith Difiance to the Sine of an Arc , of the Difference 

of which Arc and the Zenith Difiance, is the Ref raft ion 
J'ought ; which in the Cafe above propofed, comes out 9' 10". 
And in this Manner were the two following Tables com¬ 
puted, the firft from the above Numbers, adapted to the 
mean Denlity of the Atmofphere, and the other from Num¬ 
bers fomewhat larger, to anfwer when the Refractions are 
the greateft. 
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The Numbers whereon thefe Tables are grounded, were 
deduced from Obfervations communicated by Dr. Bevis; 
which, by their near Agreement with each other, feem to 
be taken with great Care and Exaftnefs: And the only mate¬ 
rial 
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rial Objection (that I forefee) the Tables are liable to, is their 
being founded on a Suppofition, that the Denfity of the At- 
mojphere decreafes uniformly ; which is not only very diffe¬ 
rent from what hath been hitherto commonly received, but 
feemingly contrary to Experiment, whereby it is proved, that 
the JDe?fity of Air decreafes as the compreffing Force : But it 
may be anfwered, that, tho’ this is allowed to be true in Air 
containing the fame Degree of Heat, yet it cannot be fuppo- 
fed to hold in the Earth’s Atmofphere, fince the upper Re¬ 
gion thereof is known to be much colder, and conlequently 
the Elafticity there much lefs than at the Earth’s Surface: But, 
a convincing Proof that this Law of Denlity cannot obtain in 
our Atmofphere, is, that the mean horizontal Refraction com¬ 
puted therefrom, according to the known refraCtive Power, 
and fpecifick Gravity of Air, will be found to come out no lefs 

than 52 Minutes, which is greater by almoft j of a whole 

Degree than it ought to be; whereas, if the fame Refraction 
be calculated from the Hypothecs of a Denfity decreafing uni¬ 
formly, and compared with Obfervatons, the Difference will 
not be near fo confiderable. This fliews the Tables to be much 
exaCter, than they could had they been computed from the 
common Hvpothelis ; I mean, in very fmall Altitudes; for the 
Refractions in high Altitudes, it has been proved, will be but 
little affeCted by different Laws of Denfity, and therefore 
come out very near the fame, compute them according to 
what Hypotheffs you will; even fo near, that if the Refraction 
at any Altitude not lefs than about 7 Degrees be truly given 
from Experiment, the Refractions, computed from thence, ac¬ 
cording to the two Hvpothefes forenamed, for any higher 
Altitude, will never differ from one another by more than 
about 2 Seconds. From whence we may infer, that as the 
Hypothefis on which the abovefaid Tables are founded is much 
the cxaCter of the two, the Error arifing therefrom cannot in 
any fuch Altitude amount to more than a fingle Second. 

Q_ OF 
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OF THE 

SUMMATION of SERIES. 

PROPOSITION I. 

I F a» -+- b a n — 1 x- 4 - c a" 2 x 2 - 4 - dan—3, &c. be any Power 
(n) of the Binomial a-t-x, either whole or broken, pofitive 
or negative , and the Terms thereof be reffectively multiplied 
by any Series of Quantities p, q, r, s, &c. and the Differences 
of thefe Quantities be continually taken , and the firjl Diffe¬ 
rence (q —p) of the firjl Order , be denoted by D, and the 

firjl (r— 2 q-{-p) of the fecond Order , by D, &c. I fay 9 
the Series pa n -t- q b a n —* x -{-rca n — 2 x 2 , &c. thence arifing 9 

Jhallbe=. pxa-l-xi -+- D bx x a-t-xl" 1 -f-Dcx 2 x a-f-xi n * 
-4-Ddx 3 x a-Pxl n 3 , &c. 

For, let Pxg-Kri n 4 -Qxx JTT '?- 1 +R,* X Z+JT* 
*4- S x 3 x a-h* in ”~ 3 , &c. be aflumed = p a n q na n—ix 
+ x 2 x 2 +j«x^x~-rfn—3** (^pa* 

-{-qba*—'x-+-rcaK—*x 2 -\-sda*—i<x* i &c.) then, by con¬ 
verting the feveral Powers of a-\-x to fimple Terms, an<i 
tranfpofing p a *-\-qnan— » x -f- r « x a n—2 we 

(hall have 
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-j-Ptf n -H«Prf n ~“ I x + n x ^ P z**, £?c. 
* -f- Q05—* x -f- —2x l , &c. 

-f- R a* — 2 x s , &c. 


* 

* 


* * & c . 
_ pa* — qna n — 1 x — r n x a *— 2 **, £?r. 



From whence, by equating the homologous Terms, there 
will be P=/>, Q=«xy—■/>, R—77 x x r— 2q-\-p y S = 

n x ~~ xx j—3^4-3 ?—py &c- But n is = b, n x 

^^-z=zc y &c. q—p = T >, r—2y-h/»=D, £?c. and confe- 
quently p a *-hqba*—'x-\-rca*— 2 x*-hsda n — 3 x* } &c. =/>x 
a+x \ n -h D b x x a-Hd" ’+Da*x 2 -f- D d x* x 

a-)-x\ n ~~ 3 -kp ex * * tf-H* 1 """ 4 , &V. where it is evident, that the 
Value of pa*-\- qb a *— 1 , &c. will be always had in finite 
Terms, when the laffc Differences of the Quantities &c. 
are equal. Q. E. D. 


COROLLARY I. 


Hence, if the Values of p , q y r, s , &c. be refpedively ex¬ 
pounded by the Terms of any Arithmetical Progrefiion k } k-\-tn y 

i n m mi 

£-f-2W, &c. then p being = k y D=m, and D, D, D , 

&c. each = o, we (hall have k a*-\-k-\-?n x ba* l x-\-k-{- 2 m x 
2 X ^ j barely == k x a-{-x l n «+- mb xx , or ^ x 

m n x xd4-* u ~~L 


CO- 
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COROLLARY II. 

But if the Values of />, q , r, &c. be defined by 

&c. (the Reciprocals of that Progreflion) then D being 




—m . 2«.3« 


D —•7 — r *i - yi 2 ” TXT - > we (hall have “r 


k.k+ m .k + 2 n 
tn . 2 m . 3 w . 4 m 


ba"— l x 

k+m 

*>xX.a-\ 

k.k-\-m 


k 2 ; 


, m.zmcx ' 1 Xa-\-x\ 


— 3 ** 

* + 3 « 
;n-2 


, Gfc. 


Ji±j^ 

* 


v . z m . $ m . 4.m ex*Xa-j-xl n + _ _- * 

^.^ 4 -«.i 4 - 2 «.^ 4 - 3 «r.^ 4 - 4 /w * k ^ 4 " 


^. £-{- m. £-{-2 m. 3 m 

n A 


k. k -(- m . /f-j- 2 m . £-{- 3 m..k~\-\m 
m x 


_ n — X X B x m x 

+ x k-\- 2 m a -{• x 


n — 2 X C 


*+ 3 > 


X *£- — --JJ 1 P x 
* -p * * + 4 m 


where A denotes the firft Term, B the fecond, C the 

a -p x* 

third, and fo on. 

COROLLARY III. 

Therefore, if n be taken =— i, a=i, and *=2; m , then 
b being =— I, c = -h i, d= — i, &c. we have -* — 

_ ___ _ _ __A 

k-\-zm k+ 3 m 

m z' 7 ' 

i 

$ E v f£r nr - -- -4- A Q • 2 B 


2 B rn 
k-f-2m l-j-z Tn 


&c. = -^= 

k~ f-4»* ^Xl+2 n 

3 C tn z m , 



-+- -^-x-^-, g>c. or —=^= -t- 

-f- £jV. by putting Q ==> —* - . 

,* -p 3 >» 1 J -p 4 » r ° i-p** 


i + 2 


co- 


3 
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COROLLARY 1 Y. 

Moreover, when n is taken i and we fliall 

D $ x 

have p—qx+rx'—sxi+tx*, &c. = r+“ — T^f + 


h^t 


Gfc. and confequently (by writing — x inftead of 


+x)p+qx+rx'+sx\&c.= T * rx + ^+==p + =j=p. 

&c. (hewing the Value of the Series p+qx+rx 2 , &c. con¬ 
tinued in infinitum. 


COROLLARY V. 


But if the Value of only a finite Number ( n ) of Terms 
be wanted, let the remaining Part of the Series be repre- 
fented Pxn-f-Qx n + I -pR^ n + 2 , and the Difference of the 
Coefficients P, Q, R, & c - be continually taken; and let the « 

firft Difference of the firfl Order be denoted by E, the firfl 
Difference of the fecond Order by E, &c. &c. Then, for the 

j, D* 

very fameReafons that p-i-qx-{-rx 2 9 &c. is = ~— -1- TZtf* 

/ x 

($c. will P-+-Q*-t-Rx a , &c. be = —-f- ==? -+- =Ti» 

GV. and therefore Px n -f- H- R x n + 2 , &c. = 


n-fii 


•p n+z p 

— - &c» which taken from • 


(Sc. leaves *=?£• 4- 


DX-E /+ 1 DX--E /+ 2 


i—*r 


, &c. equal 


to the n firfl Terms of the Series propofed. 


R 


CO- 
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COROLLARY VI. 


Hence may the Sum of any Number («) of Terms of the 
Series p - -H -*% -+- ■+* Gfc. where 2; is indetermi¬ 

nate, be alfo found; for fince p x -+- q x* -f- r x*, &c. is 


px— Vx 


n+i 


TS„a F “+ 2 P-Tx" > 1 n 

-t- - , &c. = ;— + (gi. 

1 1 I 


/— P *’ 1 


let z be written therein inftead of I, and it will become 


+ h, & c - = 

X J5 * 


p——Px 


•£==^- 1 - 2 = 2 Lr&c. 
«-» *-il 


equal to the Value fought, which therefore, when n is infi¬ 
nite, or the whole Series is taken, will be barely = 

/ // HI 

d r> 


D 

*—»r 


__ 

1 

EXAMPLE I. 


X x* x ^ 1 

Where a\ -+- ~~i — —r -+- —7, &c. being = a-i-x I 1 , *tis 

2az 8aj 1 6 az ° ’ 

propofed to find the Sum of the infinite Series 9 ai H— 

r 4 , 

— TX + 'T6X’ Here / ,bein g = 9 > ?=i6, r= 25 , 
^ = 36, the hrft Differences will be 7, 9, u } I ^ > 

the fecond 2, 2, 2, $V. and the third, fourth, Gfc. each c- 

/ // /// 

qual to nothing : Therefore D == 7, D = 2, D, = o 5 
whence by fubftituting thefe Values, with thofe of n and 

£jV. in the general Equation, we have 9 a\ 

201 a** 
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4- Jj*jp Of f == 9 x ESpSTL. 

was to be found. 


— 5 —w 


l , which 


EXAMPLE II. 


Where x being lefs than.i, ’tis required to find the Sum of 
the infinite Series i- 42 * 4 -g*M- 4 *% &c. In this Cafe,/=i, 

?=2, f=3, & c - D=i, D=o, &c. and therefore (by Cor. 
IV.) 14-2*4-3*% &c. — ~ 4- ==! = =?=!. In like 

* Ml * * I-*| I-X| 

Manner it will be found, that 14-4*4-9**4-16*3, &c. is 
= r~j 3 > anc * l ^ at 14-8^4-27^4-64^3, 



6 x » 



&c. &c. 


SCHOLIU M. 


The foregoing Conclusions are not only ufeful in finding 
the Values of Series, which are in their own Nature exactly 
fumible, but may alfo be applied to very good Purpofe in the 
Quadrature of Curves, and in approximating the Values of 
fuch Series, whole exadt Values cannot be determined. Let 
it, for example, be required to approximate the Value of the 

__ _ . 3 _ S 7 o 11 


Series id 


2 x 5 

’ V7 


_ Li!__ 

3 * 5 f 7 T f 6 '9 4.6.8.11 “H* 4.6.8.10.13* 

expreffing the Area of the rectangular Hyperbola, whole Ab- 
fcifla is *, and principal Diameter Unity. In order to effe& 
w hich, let a few of the leading Terms (fuppofe the four 
firft) be collected into one Sum, and let the Differences of 
the Coefficients of a few of the firlt of the remaining Terms, 


. 2 , 3 - 5 * * , 2. 3 -$• 7* 


-,&C. 


which (in this Cafe) are 

7 4.6.8.11* 


2 ‘ 3 - 5 - 7 

4.6.8,10.13* 


—L 3 -S; 7 JL M C - 

4 6.8.10.12.15 * 

or 
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or 0.0142, 0.00841, 0.00546, 0.00379, See. be continually 

taken (as in the Margin ) 
Then, the firft Difference 
of the firft Order being 


01420 .00841 .00546 .00379, 

—.00579—.00295—00167, & c - 
4-.OO284+.0OI28, &V.I 

_ —.00156, faff. I 


3.00579, of the fecond 
Order -t-0.00284, of the 
third —0.00156, &c. if in- 

ftead of f , q t r , r, &c. D, D, D, &c. the above Values 
0.01420, 0.00841, 0.00546, 0.00379, &c. — 0.00579, 
0.0284, — 0.00156, &c. be respectively fubftituted in the gene- 

ral Equation p qx-t-rx* i* 3 , &c. = _A_ _ ==i-+-=== 
&c. (as found in Corol. IV.) we (hall get 0.01420—0.0084ix 


• ^===5T, &c. and confequently 
* + *l 

, &C. =- A . 4 y/X X 


4.6.8.10.12.15 
0.00284 X 1 


' 2-3-5 

2- 3 5 - 7 * 

k 4- 6. 8. u 4. 

. 6. 8. 10. 13 

0.00579 * 

0.00284* x 

t+m 1 + 

^R 3 s 

r _ *-3 5*” » 

_ 2 - 3 - 5 - 7 **! 

4.6.8.11 

4.6.8.10.13 

0.01420* ,_ 

‘ I+* 

0.00.579 ** 


-1- - ‘-=^=-= r> &c. which added to x */x x i -f- if — -—h 

the Sum of the four firft Terms, will give the Value of the 
whole propounded Series; which Value may now be eafily 
found in Num bers, that of x being g iven; for let x=i, then 

+ 2 ^ L , 0.0090, &c. 

andx A /x’xi -4- ¥ — — -f- ^ = 1.6896, and therefore the 
3 10 >4 3 6 . ~ 

Value of the whole Series will be 1.6806, which is more exa#> 
than if 20 Terms of the original Series had been taken. Ag a j n ’ 
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let x"be taken == ^ then will — x*^/x x 


0.00579 A- 1 

r +T~ 


, 0.00284 x i 0.00156 x* —i jr 0.01420 f 0.00579 

+ t*.=i6^ x 


*+*r 

0.00284 

27 


0.00156 

81 




3 9 

0.000243, and a: y/* x 


J - 4 - — — — 35 =0.537030; andconfequently the Va¬ 

lue of the whole Series = 0.536787 very nearly. And in the 
fame Manner may the Values of other Series be approximated ; 
but the Advantages of this Method in many Cafes are 
much more confiderable ; for let the Series propounded be 
* & 2m + l , 3 m+i ** m + l 

t - ^+1- + -^+r - "7^+r + J j =F r. “d let 

a few of the firft Terms thereof be collected (as above) and 
let the Denominator of the firft of the remaining Terms be 
denoted by £,and then it is evident 3 from the Law of Continuation, 
that the true Value of thefe Terms will be rightly defined by 

k k 4- m k-f-zm m 

—I JS - X ' _L_ ~ c . V 1 *■ 

-, &C. or Z* X -T — -rr— 

- k k ~\- 7 V 


1-|* M 


- * 4-2 


4 - 


* 4 - 2 « 


But fince i -'4= + i+zr &c - 

(as appears from Corollary III.) is univerfally equal to 
U= , ACL . *bq, , 3 C(L , 4DQ, \ s EQ. 

^ x * 4 -»» “*4-3« * 4 " 4 ^ 

where QJtands for and A, B, C, for the firft, 

Second, third &c. Terms, it is plain that .s k x 

will be equal to 7J7 z k x 


mediately 


•4- A3, . 
^ <+»» ■+■ 

2BQ 
*4-2« ^ 

3 CQ 
*4*3^ * 

nrzrr 

k ij.™ ^ 

« 2 m 
i 1 _ 

3 m 
z D 
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mediately be {hewn. And firft, let 2=1, and m =. 2, To 
that 5-+ ^rn+i ^ may become 1 — - -f- - 

— &c. (exprefiing the length of | of the Periphery of the 

Circle, whofe Radius is Unity) then the Value (0.7440117) of 

(1— - H- ; — ~ -f- ---) the fix firft Terms thereof 

v 3 s 7 9 ii / 

being collected there will remain &c. Therefore, 
feeing the Value of k (the Denominator of the firft remain¬ 
ing Term) is here = 13, and Q ( = i, we (hall. 


by writing thefe Values in the above Equation, have - _— 

___ 13 15 

-f* 7-, I x —-h— -+- — —, &c. = 0.0384613 

17 2.13 15 17- 19 J ^ D 

H- 0.0025641 -f- 0.0003016 - 4 - 0.0000476 -+- 0.0000091 


■+- 0.0000024 -4- 0.0000007 -4- 0.0000002 -4- 0.0000001 


= 0.0413873; and this added to 0.7440117, gives 0.785399 
for the Value of the whole Series; which is true in the laft 
Place, and more exa<ft than if 100000 Terms of the origi¬ 
nal Series had been taken. Again, let x = 1, and m= i, 
fo that the propounded Series may be i — i I — A > &c. 

(exprefiing the hyperbolical Logarithm of 2) the 3 n the 4 Sum 
(o.634523809) of the 8 firft Terms being taken, the remain¬ 
ing Part of the Series will be --- + -h-L -l. J- 

— Therefore k being here = 9, and Q^== ~ 9 we {hall 


have + z k 


x . —- - 

ix i-f»V* 


ACL 

k+m 


. 3 CCL 

k+zm ^ k+im * 



*5 . il 

13 ^ 28 


j,&c.z=o.osS55SSSS 


i 
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-+■ 0.002777777 + 0.00025252; -f- 0.000031565 

-+- 0.000004856 ■+■ 0.000000867 -f- 0.000000173 

-+- O.OCOOOOO 38 -f- 0.000000009 -4- 0.000000002 

= 0.058623367* and confequently 0.693147176 equal to 
the whole Value required 5 which errs but 4 in the laft Place, 
and would have required, at lead:, 10000000 Terms of the 
original Series. Put after all it may not appear why a few 
initial Terms are always fir ft to be taken, feeing the Series, 

for the Value of ±_z k x i — -~L + £fc. holds uni- 

* k-\-m k+z m 

verfally, let the Value of k be what it will ; but the Reafon 
is this, the more Terms there are ftrft taken, the fafter will 
the Series exprefling the Value of the remaining Terms con¬ 
verge, fo that by ftrft collecting a proper Number of initial 
Terms (which will be greater or lefler, according as a great¬ 
er or lefler Degree of Accuracy is required) the fame Con- 
clulion will be brought out with a great deal lefs Trouble, 
than if the Value ot the whole Series was to be found by 
this Method, as upon Trial will plainly appear. 


PROPOSITION II. 

^IJppoJing an + ban—i X -4-can-2 X 2 + dan—3x3, &c. to be 
3 tis in laft Proportion, and r any whole pofitive Num¬ 
ber, and that S is equal to the n-f-r Power of the Binomial 
a-f-x, decreafed by the r firfl Terms: 1 fay , the Sum of the 

Series rr—n " 


I.2.3. 


2.3.4....r+i 3.4.5.. ..r-f-a 


4.5.6...r-{- 3 


&C. (whetherfinite or infinite ) will be t x ;; _p, x ^ 


For the 72-f-r P ower of a-t-x being a*+ r ■+■ n-\-r x ^n+r—1* 
x x &c. if from the fame the r 

ftrft 
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Terms fee taken, there will remain » H-rx ^ +r-. x»+r-z... .,+■ 

. n-\-, Xn-\-r —I na n 1 * T 4~ I | »4“ r X ”~f r — 1 »—» 


I.2.3- r+I 


I .2. 3 ....r+2 


£?r. 


~n-{-r x tf- 4 -r—i.H-f-i x/x. 


1.2.3 ...r 


i 2 . 34 -^+i 


»x«—>« 

TT2. 3 ....r-f 2 


= » + rx 7 z-f-r—1 ....7; 4 - 1 x^ r x - -- 


3 ...r 


2. 34 ....r+I 

s 


3.4.5...r-J-2 


&c. = S ; therefore 


is= 


n-f”I x «4~2 Xzr-f *3 . n+rXx T I.2. 3 ...r 


2-3 1 






I,2, 3 .- r 2.3.4...r-|* I 3.4.5....^ 

-COROLLARY I. 


V .,&c. Q.E. D. 


Therefore it follows that fif! 


" +I -a n +‘ : 


n-f-i Xx 


is = — -f 




' 2 ** &C. that a ~*~ Jc|11+J —« n+z —^ n +* A- is 

*+* X»+ 2X* 1 

—, &C. and that 


n—2 
a 

3 


la "• 


2*3 


3-4 


J i + x| n "^ 3 — « n ^ 3 —»+3X« n_ ^ 2 ^—»+3X^ « n "*" I ^ a . 




2.3.4 


»4-i X»+2X«+3Xr 3 

!f!, &c. &c. 


IS = 


1.2.3 


3 • 4 • S 


co - 
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COROLLARY II. 


Hence may the Value of a*+ba*—'x+can—tx^dafl—ixf, 

c • (=a-\-x\ ) when the Terms thereof are refpedtively di¬ 
vided by any Series of figurate Numbers (as i, 3, 6, 10, 15, 
&c. or as 1, 4, 10, 20, 35, &c.) be alfo eafily derived: 

For, fince it is found fliat ——_. -f- * * > ea n ~" 2 x % 

M _ s *- 3 - 4 ~.r+i ^ 3 

IS _ 4<x»+ 2X .+j.....^+;xx'> let the whole Equation 

be multiply’d by i . 2 .3 .. .. r> and we fliall have ~ 




r + I 


r-f- 1 X 




r-j-2 r-|-3 * 

r+ 1 x —-— x -p 


Gfc. 


/_i.2.3... .rxS \ __ S _ 

. n+rxx'J *+«. v !ii v n + r -i 

_ I X 2 X 3 . r X * 

Where i, r-f-i, r+ix--, Gfc. are known to reprefent 
univerfally any Series of figurate Numbers. 


example I. 


Let there be given ~ H—-+• ^7, &c. =2 c —2I 


to 


8 


find the exatt Value of —z H--3 H—-—r» Then, 

I . C T 


3.8^ 


becaufe r is = 1, a — C, x=*z y and n = — we fhall 


this Cafe have ^4 


-n+r n+r l 

— a * f—* — c 


1 . t » + * X* 

Which was to be found. 


| x —« 


2 c z —2 Xf— 


EX- 
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EXAMPLE II. 


Let it be required to find the Valiie of ~ -f- 


5*4* 


&c. or of the fifth Power of when the Terms thereof 

are reflectively divided by i, 4, 10, 20, 35, &c. Now, in 
order that the above general Series {for figurate Numbers) 
may agree with (1, 4, io, 20) the particular one here giyen, let 
the Value of r~f- 1 be fo taken, that the fecond Terms 
of both Series may be equal, and then the reft will be fo 
of Courfej therefore r, in this Cafe, being = 3, n = 5, and 
_ -: n- | -r 

the three firft Terms of a-+-x 1 expanded in a Series =a s 

-h 8 a 7 x-i- 28 a*x*, we have S=a -}-.vl 8 — a % —S a 7 x —28 a 6 x 2 , and 

S = ; * 8 * 6 *! f or t he 

56X 3 


,+r 


H"* 1 n-\-l 77-f-3 

-X—X--. 

Value that was to be found. 


x* r 


PROPOSITION III. 

S TJppofmg axP-f-bx p + n -t-cx p + 2n -f-dxP+3“ j & c . to be any 
Series , finite or infinite , whofe Sum A is given y and the 
Terms thereof to be refpeEtively multiply'd by the Terms r, 
r-f-n, r-f-2n, &c. of any arithmetical ProgreJJion , whofe 
common Difference is n; to find the Sum (B) of all the 
Products, or the Value of the Series raxP +r-f-n x bxP +n 
-4-r+2n x cxP+ 2n , &c. thence arifing. 


Becaufe **P-M*P +n -K* p + 2n , is given = A, there 
will be given a>?-*rcx c ^' z * i &c. = Ax r '“'P; wh°^ 
Fluxion being taken and divided by ^""P"" 1 *-, have 

~\-r-\-nx bx?+ T[ -)rr-{- 2 n xcx P+ 2n , £?<*. — r —p x A J r~TV 
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= B; where, becaufe A is given in finite Terms, A will be 
always had in finite Terms, and confequently the Value of 
B alfo, CLE. I. 

COROLLARY. 

Hence, for the very fame Re afons t hat (B) the Sum of 
the Series rax v -\-r-{-n x b z n x cx^ zn i &c. is e- 

qual tor—/>xA-fwill (C) the Sum of the Series 
rsaxV-\-r-t-n.s-\-n.bxV^ n -{-r-t- 2 n.s-t- 27 i.cxV ^ zn , &c. be 
=s —/xB + -, and (D) the Sum of the Series r.s.t . 

r-+-n.s-\-n.t-±-n . b xV^-^r-^zn .s-\-zn t cx^ 2n , 

^.^7^x0+-^, &c. &c. a ?c. 

EXAMPLE I. 

Let there be given the Sum of the Series x ^—{- y 

— Y» ® c ‘ exprefling the Arc of a Circle, whofe Radius is I, 
and Tangent x } and let it be required to find the Sum (B) 
of the infinite Series 3 * — Hi + Z*L — 2£ + &Cm 

Becaufe, in this Cafe, /=i, 72 = 2, r=3, and A = 
we have B (^kA^)= 2A+^ for the Value 
fought. 

EXAMPLE II. 

Having given the Sum of the infinite Series * — ~ 4- ~ 

x* . *_ 

equal to (A) the hyperbolical Logarithm of 

14-*; 




i 4- *; to find ( C ) the Sum of the infinite Series 
— IJlI -4- LAlL — Here p being = i, n = i, 

r=2, i=2 (yid. Corol.) and A = we have B (=r— p x 
A -f- -A) = A -f- -J-; therefore B == —-f- ===7, and 

confequently C (=r —p x B -4- -A) = A -4- - 7^7 -4- ===p 
which was to be found. 


LEMMA. 

1 n 

To divide a Compound Fraction, as g ~h * xa + x \ ^ c - \ ntQ as 

b+xY.b+xXb+x t &c. 

many fimple ones , as there are Faftors in its Denominator 5 

fuppojing b, b, b, See. to be unequal Numbers , *»</ a, a, a, 
&c. any Numbers , either equal or unequal , the 

Number of Factors in the Numerator is lefs than the Num¬ 
ber of Factors in the Denominator . 


Let A, B, C, D, &c. reprefent the unknown invariable Nu¬ 
merators of the required Fractions to which ?+-* 

^q-xxiq-xxiq-x, fcfr* 

may be reduced, cr, which is the fame in effedt, let -f x 

_l_ JL + -£- + i ^- > &c. = fii^^^tthen by 

b+x b+x b+x b+x%b+xxb+x,& c . 

multiplying the whole Equation by b-4 -*, we (hall have 

A -4- *+* xB _f. H-* xC _4_ H^ xD ? _ *-f* x *q-*. frv. p u t 
iqor ^-x ^-f-x ^+xx^4-x, 

fince the Equation holds univerfally, be the Value of * what 
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will, let x be taken = — b, or b-+-xz=zo, and then, all 
the Terms affected by b-\-x vanishing out of the Equation, 

we (hail have A = a ~~ h x °~~ h for the Numerator 

b—bxb—bxb—b, &c. 

of that of the required Fractions, whofe Denominator is 
b-\-x : From whence the Numerators anfwering to the reft 

of the Denominators or Factors, b-\-x, b-\-x t &c. may be 
found by Infpedion, and will be had (as the foregoing is) by 
taking the Quantity conjoined with x in the Factor propofed* 
and fubftituting the fame, with its Sign changed, inftead of x, 
in every other Factor of the Fradion given; and fo we have 

a—b X a—b X a—b, &c. i a — t X a—b X a — b, &c. ^ i 

'b—bxb—bx'£—b,&c. h + X b—ixl—ix"L4,&c. l + x 

a—b X a - — b X a—b&c- % 1 __ a + x x a + x * a + x x «+*> 

+ b+x*l + xxl+xxt+x,&r. 

QJE. I. 


COROLLARY. 


If the Number of Fadors in the Denominator of the pro- 
pofed Fradion be greater by two, at leaft, than the Number 
of thofe in the Numerator, it will appear, by conceiving 

A , B C _D_ ng x +aXx+aX x+ «,J*e. 

* + * x +b x +b x+"b x+b xx+lxx+b, 

(= o) to be reduced to one Denomination, that AH-B-f-C-l-D, 
(Sr. will be the Sum of the Coefficients of the higheft Power 
°f a: in the Numerator, and therefore equal to nothing. 


U 


PRO- 
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PROPOSITION IV. 


Haring given (S) the Sum of the Infinite Series -L- 

&c. or the 


• 4 - 


m-j-n 


m-f*2n _ 


n +3 n 


n 4"4 n 


4» 


m-\-n m-\- 2 n #J-f- 3 * 

—i • 

Fluent of f '-= ■ ** (which may be always had from the Qua¬ 
drature of the Conic-Sefiions) *tispropofed to find the Sum of the 

Infinite Series ^"°-h n 

J /4-°Xf+OXr+°,eff. 13 c. 

a+2» xH-2»X C+2H, &c. -f- a +3” X H-3» X r+3»> &c. 

p+2ttXf\-2n'Ar-\-2n, &c. p-\- 3 «Xf-f- 3 *Xr 4 - 3 *» X * 

&c. fuppofing &c. /a reprefent arty une¬ 

qual whole Numbers a, b, c, m, n, any Numbers equal or 
unequal , and the Number of Factors in each Numerator of 
the Series to be the fame y and lefs than the Number of Factors 
in the Denominator , this lafi Number being aljo J'uppoJed 
the fame in every Ferm. 

a—p X i p X c—pt Vc. __ 

Fut p x r—p X.T—p, &e. *— A > _ 

M —rXb—rXc—r,&c. _ n «—;Xi-'Xf- j, htc. ^ ^ 

JZTFJ--rFr—r, &c. —/ X q —j X r— s, &7. O, Cfff. &C. 

then, from the preceding Lemma, it will appear that 

f-r° 

_ B —, J?- £?c. are the fimple Fra&ions to which the fir# 

j-j-o* r-f-o* 1 

Term of the Series is reducible, that is gj will be = 

-I- — -+- ——|- — &c. And in the fame Manner it will 

y r » 9 

appear, that the 2d, 3d, 4th, &c . Terms of the faid Series 
will be equal to 


a — qxb — qXc —y, &c. jj 

p —fXr—fXJ—f, &c. * 
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A z n 

4- 

B* n 

4- 

C* n 

4 

Dz 11 

4- 

E* n 

P+* 


?+» 


r4» 


4* 


4» 

Az 2a 

I 

B* 2 * 

» 

c* 2n 


Dz™ 

1 

Ez 2a 

P+2H 

"I” 

f+ 2 « 


r4 2 » 


s + zn 

X 

1 4 ” 2 n 

Az* n 

-f- 

B z 2n 

4- 

C*3 n 

4- 

Dz* n 

4 - 

_E«^ 

p + in 


£+3* 


43* 


43* 


43* 


Therefore the Sum of all thefe, or the whole Series, 


I 4 - 

n 

z 


2n 

2 4 - 

y n _«_ 

* + \ ( 

p — 

p+n 


4 2 * — 

43* ^ 

H- 4 » 

i •+■ 

t — 

n 

z 

4 « 

4 - 

2n 

4 

4 2 * — 

43* 

< 

44* 


C x - + 


- r+» H- 2 » r+ 3 » r+ 4 » 


- m-fn m-j-2n _ 

But fince 5 ! -+- _ 4 — -f- —is given = S, 

m - m-\-n m-\-2n 

n 2n A 

and A x ± ^ may be reduced to —y * 

p p-j-n «,P”|- 2 n i , z n 

-7- ± 7+7 -+- 7 +T 7 > k is evident that A x i — f-H 

™ A * m _ m- 4 -n 

4- Jt , G?c. will be equal to —“ x S — —-1- T — 

_* p " *+* 

_ s m + 2n .— gP ~~ n . and in the fame Manner will 


B x 1 + * n _i_ _*!L % £?r. appear equal to ~T x S 

* —r+« ?+*«* * 

•- — IT .4- _* q _, £?<•. and therefore the Sum 


m m-\-n q—n 

of the whole Series propounded is 
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A . r 2 m * ra + n 

m4-2n 
z ' 

z^ tt 


- X o i 

*? «* m-f-* 

«4* 2,r 

» ' 


fl - * m * m+n 

m-l- 2 n 
z ' 

z q-n 


_ x s--- m+ „ 

«r-J- 2 w 

q—n 


m m-4-n 

Co* 2 ^ 

2 «"+*n 

r—n 

2 


— X o — _ i _ 

mm -f- 

*»-|-2» 

r —n 

When all the Signs thereof are given affirmative, and equal to 

i 

m m-}~ n 

- z m +2n 

. . * p - n 


- X - m-\-n 

1 ' 

/— n 

m m-j-n 

R , o “ ~ -L- z 

— * m + 2n 

_ h ^- a 

* 

H-* 

m-\-zn 

q—n 

< 

2 . , V *” + * m + n 

— * m + 211 

._1_ * r ~ n , (Vfr. 

z 

,r X - U * - m+n 

1 m+zn 

' r—7Z ' 


when they are given affirmative and negative alternately; in 
which Cafe the laft Term of every Line in the above Ex- 
preffion, mutt be taken affirmative. Q^E. I. 


Note. When p—n or q — n , &c. happens to be nothing or 
negative, the firil Term (S) of the correfponding Line is 
only to be taken. 

COROLLARY I. 


Hence if the Series propounded be 

± m + n^n-k-tnAm+in' * 3 ** OT +- 4 » X *-f 4 », &V. 

. g-f3»xH~3 w x f -j-3”> x 2 3« then /> becoming == 

^=^2 + 2^, the Sum. of the whole Series 
? 3 ' viU 
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will be defined by — x A H~ B z~~ n -f- C z~~ 2n - 4 - D af 3 ", 

j (jH - —- ~ > 

r _3 - i B i . z*~~ C n an 

£? c. H-x — — —-h —j— x — , 1 i _£_-f- J 8 _* 

” * m — ”+” * 2n + ^ ^ *f# — *+i» 


COROLLARY II. 

But if the Series to be hummed, be comprifed in this Form 

. - S ——jy -+- ;—-— ; - 7— , &c. and the number 

pXp+nxp+ 2 n, &e. H“ w X H“ 2 ” X H"3 W » & c ' 

of Fadtors in the Denominator of each Term be denoted by 
TH-i, we fliall have A (= ———- ) =---, 

* v »X2»X3»- <vn) I .2.3.4...<1/ 

B = _a, C = t>x^A,D=- 1 ;^x^ A, &c. 
and therefore the Sum of the whole Series equal to 
——~ ^ *“+« z m + 2n _ K P—> 

* fc. Q ■ MM - ■ . i 11 - • • • • • . 

jT.3.4...t/X» v « ? ”_ m-\-2n p—n 


, 1 «« v/ Z Jm t ■ ■■ I 

"+• 1.2.3. ...q,X ^ X ~ ~ X — X 

x -h ~-[- Ji—, &c. when all the Signs of 

the faid Scries are given affirmative ; but equal to 

rt- ■+^- n1, 7 x m + n s m + 2n xt-*~ 

1.2.3... *v X » T stP p—n 


*• 2 .3.4....-vX» v 


— “ 7 +r + v * 


—1 X —1 x 2- — -F - 2 j-—, Off. when they change 

2 i f >+* H- 2 * ' ° 

X alternately 
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alternately, in which Cafe the Sign -4- or — before 
obtains according as is an even or an odd Number. 


COROLLARY III. 

Laftly, let z be taken == 1, and the Series propounded be 

aXtXeX 4, & c. a +HXt+ nXc+ n, &c. X b+z n X r+z*, &c. 

fxqxrxs,t3c. p+nX q+n X &c. p+m X q+ zn X r+ 2 », &c. 

&c. then, fince the Sum of all the Coefficients A4-B4-C 
+ D, &c. will be = o (by the Corol, to the preceding Lemma) 
when the Number of Factors in the Denominator of each Term 
is greater by two, at leaft, than the Number of thole in the 

Numerator, vve ffiall, in this Cafe, have ^4-^4- ~,^c. x 


$ — ^--- - alfo equal to nothing ; and there¬ 

fore, by expunging this out of the general Expreffion, and 
fubllituting 1 inlfead of z, we have 


&c. 


/+* ^ /+2» ** 

1 1 

4- 1 -1-L_ 

1 

"'r—p 

_j _ 1 _i_ 1 

l 

P+ 2n "' 

# * *~~ P . 


a X b X c X d y &c. 
p X q X r X s, &c. 
4 - a + » X 4- f n x c +n, &c-_ 
P+nX ?+» x 

SV. 


EXAMPLE I. 

Let there be given the Series - — *—h- — — csf^*- 

u i 3 5 7 * 

or the Arc of a Circle, whofe Radius is 1, and Tangent 

and let the Sum of the Series —-- ^ 4- &c. 

3-5 5-7 7-9 9' 1> u 





C 83 ] 

be required. Here, by comparing thefe with the general 
Expreflions, we have m= 1, n = 2, a = 2. p = 3, y = 5, 

p—n—i, q —«= 3> A (= ^3)=^ B = (| —5) =1 C= °’ 
&c. and confequently ^ x —S -f- * -+- — xS — y + -y~> 

• or * s ~~ 3 z equal to the Value fought. 

225 s 

EXAMPLE II. 

Let there be given the Sum of the Infinite Series 
~ ~ -p. fL _j_ ^,&fc.exprefTingthehyperbolicLogarithmof 

~— 1 —. to find the Sum of the Infinite Series — 1 -1--— 

i—x * i.2-3-4 2 -3-4-5 

+ TTTe + 7^ + Tsh- Herew=I * ” = , ^ = I * 

<7 = 2, r=3, i = 4, t = o, £?c. therefore (by Corol. II.) 

xS+ m* . 3 * . ^ ^ * 

4- fL_I. or — x S 4- -^-r- 4- -rp- is the Value 

that was to be found; which therefore, when x=i y or the 


propofed Series is —--1- - — 

r r 1.2.34 2 -3'4-5 

equal to " - i 4 - i or 


' 3 45 6 '^' W1 ^bebarely 


EXAMPLE III. 

Where it is required to find the Sum of the Infinite Series 

Gfc. In this Cafe, we 
have 


1 .. _u - 

2.3.5.8 ^ 3469 4 * 7 -«° 


1.24.7 
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have p= r, y=2, r== 4 , *=7, B = - C 

(1—4x2—4x7—4) i8> ® (1—7x2—7x4—7) == ^J> E=0, 

and therefore (by Corol. III.) - 1 -^ x i _L 


's + 6 = / 4 o 7 o is the Value 


+ -xH-h - -f- 

90 2 3 

required. 

EXAMPLE IV. 

Let there be given (S) the hyperbolical Logarithm of 

, ^ . .... , 9 , 28jk 39r1 


-L-, to find the Sum of the Series — 9 — 
. 12 3 


2gg 

2 - 3-4 


52*’ , 67*4 3 4 3-4-5 

77^ + 7^7* Thls Series ma y be refolved into 


4 

.2.3 


4* 

2.3.4 


4 ** 

3-4*5 


Gfe. and -LI- 

4-5- 6 1.2.3 


4-6z 
2 ■ 3 • 4 


. 7z i -_- J T 

■+■ f~Ti Gfo ^at is, into 4 x —i-1-*-. _?* e# c 

3 - 4-5 1.2.3 2 - 3-4 3.4.5* w * 

and 171 ^7 **“ Gfr. Now the Sum of the former of 

thefe^by proceeding as in the foregoing Examples, will be 

1 z x "z"“*“z an< ^ l bat of the latter equal to 

T ~ whi ch VaIues therefore, added together, give 

h ~ i + 1 x S + ; ~ ? for the Sum of the whole Se- 
ries propounded. In the fame manner may the Sum of any 
other Series be determined, when the Denominators thereof 
come under the general Form in the Propofition, and the laft 
Differences of its Numerators are equal, provided the number 
of Differences before you come to the laft, be alwavs lefs 
than the number of Fadors in the Denominator of each 
Term. 

• 3 EX- 
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EXAMPLE V. 


Let there be given the Sum of the Series £ + — -+- — 

s 9 

-f. _ gI -L, &c. (which is equal to half the Sum of the hy- 

13 -■ v 

perbolic Logarithm of and the Length of the Arc whofe 
Radius is 1, and Tangent z) and let it be required to find 

+ - 6 ^ L- 

5.9.17 9.13.21 


the Sum of the Infinite Series — 

>•5*3 


10 y * 

1 3 • 1 7 ' 2 S 


—- *• y — . ©V. Put x 4 = y. or 2; = v+ : then 

_ . _ 17.21.29* J 

becaufe the Numerators may be reduced to ~ x 4 x 8,— x 

8xi22 4 ,-xi2x i6;s 8 ,^- x 16 x 20 z IZ , &c. the Series itfelf 

* 32 3 2 

&C. 


9.13.21 


. . Z* 4.0 5.I2Z T 

WU1 be changed to - x 7^- + 5 . 9 ., 7 
where ;;; being = i, » = 4> ^ = L £ = C, r = 13, ^=4, 
b =- 8, we {hall have A = B = - 3 -, C = * 3 ; and there- 


fore 7 into^xS + 


32Z 


-xS- 


■ ? =I 4 + l + ^xg 


32 * 32 

± 5 _ 

32s: 1 

J4_3 

3072 


— . 1 5 o 2 2 

-2: H-tT X S - 

322 3 i 5 

_ 3 _ *5 

IO24Z* I024« , ‘ 


Was to be found. 


1024 


is the exa& Value which 


Y 


PRO- 
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PROPOSITION V. 

S Uppofing the Sum of the Infinite Series bx k 4- c x^ 1 

-f- d x k ^" J 4 - e x k+jl , &c. when the Terms thereof are 
refpeBively divided by thofe of any arithmetical Progrefjion , 
whofe common Difference is m, to be given j *th propofed to 

find the Sum of the Infinite Series ~—^ Q 

a-{-”»X a-f-w X c. X j a+zm x a- \-z m x a\-zm£$c; X 

/>4-«Xj-r*wXr-|-«» &c. X q-^zm x r-\-zm t &c. 

&c. fuppofing p, q, r, s, &c. to reprefent any unequal Num¬ 
bers, and a, a, a, &c. any Numbers equal or unequal , and 
that the Number of Faclors in the Numerator of each Term 
is lefs than the Number of Faffors in the Denominator. 


Let the Values of the Series ^L_ e * - ~ 4. > &c. 

p P+ m P+^m 

tfL 4. — + fr k —, 4_ tfxk+1 4_ ^ k+zl , Gfc, 

(which are fuppofed given) be denoted by P, R, &c . re- 
fpe&ively ; and let A = 

&c. Then it will appear from the foregoing Lemma, that 


P+°* 9 +°* r +°’ *+°' 


, &c. are the fimple Fractions into, which 


a £ ° . aq-o. a-f-o, &c _ . _ n refolved $. and therefore it is evi- 

H-o.y-l-o.r-fo, &e. 1 # 

dent, that the firfr Term of the propofed Series will be equal 

to _±- ill! _I_ si** &C. or . Bi* k , ci* k fifr. 

H-O f+° H"° * t P q r 9 . 

and in the fame Manner it will appear, that the fecond and 
o third 
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third Terms, &c. will be equal to .» Bf^ 1 c f ^ 

f\m J-f-» r-if-m 

&c. and + _1_ c ^ k+21 , & c. &c. There- 

P~r 2m q-\- 2 m r-\- zm 

fore the whole Series is 


A4, fc , 

Blx k 

. C*, k 

, DJ* k 

t ' 

i 

T" -- 

r 

4-- 

s 

Ac* k + l 

B^ k jH 

. c,* k +> 

Dc* k + J 

p-\r m 

ri-* 

+ H-* 

■*" j+m J 

A Jx k + zl 
---4- 

B^+zI 

, c^ k + 2 ' 

, D^ k + zI 

H-2w ^ 

q+2m 

»4** OT 

J+2* 5 


&e. 


&c. 


&c. 


&c. 


&c. 


Which, becaufe the Value (A x — -u r ^ k + zl 

_ V P ^ P+» ^ ~p+^T 

^ ^.k -f- S1 

&c.) of the firft Column towards the Left-Hand is 

=:AP} of the fecond, == B Q, &c, will therefore become 
A P 4- B 0 , 4 - CR -f- DS, &c. q^E. I. 

COROLLARY I. 

If the Series propofed be ._ c "f 1 

P- 8 >r, fee. t+m.q+m.r-\-rn, &c. 

—--—_, £fc. then will A be =---— 

P+2tn.q-\-2m.r+2m, lie. t~&c. 

^=r~----r-i &*• and the Value of the Series as a- 

p—q.r—q.s—q, 

oave exhibited. 


CO- 
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corollary n. 


But if the Series propofed be ■ 

~ k+1 ■ <j* k + 21 &c. and the Num- 

p+m.p+ztn.p+itn p+zm .p+lm p+fn 

ber of Fadtors in the Denominator of each Term be denoted 
by n-hi-, then q becoming =p-\-m y rz=p-\-2m t &=p-{-yn 9 &c. 


we (hall have A = 
C = 


B = - 


_2 tn . — tn.rtt.zttt,.. .n —2 X w 

k A 


OT.2w.3w.4w-«w 1—OT.OT.2w.3w. n —I X w 

, &c. or A = - 


i.2.3.4...»xw f * 
n —1 


B =-—, C = — x —A, D =— — x 

— 1 * i 2 J 1 2 

-T-i. A, and therefore the whole Series 

3 

_ , n n —I _ n n —1 n —2 . 

P^rrQ4- -X-R-X-X-S, &c. 

1 2 _ 1 2 _3 # 

1.2.3.4.5.»Xw n 

EXAMPLE I. 

Where the Sum of the Series - — — --7-, &£• 

1 3 . .5 7 

(exprefling the Arch of a Circle, whofe Radius is i, and Tan- 
gent x) being given, it is required to find the Sum of the Series 

_JL _—-{--—, £?f. In this Cafe we have£=L 

1.3.5 3-5-7 5-7*9 ? r 

?=3. r — 5 > «= 2 > w=2 > p = 7 - 7 + T> 

_£ + £,a e .( = ^)R = f-^ + ^, <*• 


and therefore by Cor. II. / p ”Qf«x g 
' N 1.2.3 ..,»x w 1 


v»*\H 





equai to 
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*_r p_*44*' 

*-*—+"~ * _ TTSTxaF-j*-^’ 


8 24-** 

the Value fought. 

EXAMPLE II. 

Let the Sum of the Series ^ + y + ~ -f~ y, Gfc. = the 
Hyp. Log. of %/lz td be given, and let it be required to find 

2 x 4* 3 . 6x s , 8 a- 7 


1 —x 

the Sum of the Series 


- 3-5 


3 - 5-7 


+ 


5 - 7-9 


7.9. 


&c. Here, a being = 2, p—i, q= 3, r=$, A (= 

= 5. B (= = ;. %(- ~^r r ) = - V- 

P=x + ^ + f, <*. Qs= 7 + f + 7* «'• ( =f ?) 

and R = 2 ■+■ j + j, &. ( P ~-iT—) we have 7” 


3-5 


4* 1 

3-5-7 


6a 5 


1 L-, £?r. (=AP-i-BQ-t-CR) equal to 
x*+ 2 x'—ix?+ 3 x—*l w hi c b therefore, when * = i, will 

8a + ’• 

become barely = 

PROPOSITION VI. 

S Uppofinv n —r to reprefent any 'whole pofitive Number ; 
7 « required to find the Sum of the Infinite Sena 

,n. f x , 

I -*-r.2.r.rd-i - l.2.3.r.r+l.r-f-2 

’ . efc. where r, p and 

,. 2 . 3 . 4 -*'-;t 7 - r+2,, ' +3 
x any Quantities at fleajure. 

The Solution of this Problem is eafily derived from Pro- 
pofition I. For the propofed Series may be confidered as ge- 

Z nerated 




L 9° J 

nerated by a refpeftive Multiplication of the Terms of 

---P 

expanded in a Series, by thofe of the Series 1 

;> 7 * 7 +,> 7 * 7+7 x 7 + 1 ' &c - therefore if the Diffe¬ 
rences of thel'e laft Quantities be continually taken, according 
to the Method there propofed; tlien the firft Difference of 
the firft Order being = ofthefecond =— x ”~ r ~ I , 

of the third = x —— x -■ 2 , fife. it is evident, from 

what is there proved, that the Sum of the whole propofed 

Series, putting n — r=q, will be truly defined by 

g-g— 1 I iipjr| 


__—.— p —i 

q.px. I_pr| ^ 


I .2.r.r+l 


, &c. or 


X I ■+■ 


pqx 


q.q-l.p.p+l.x'- 




l . 2 . r. r-f- i 




'+* 


— i^. 3 .r.H-i.r+2.7p | 1 . Which, when y, or n—r 

is a whole pofitive Number, will always terminate in q-+ i 
Terms; and therefore in all fuch Cafes, its exad Value will 
iiom hence be obtained, Q^p j 

Note. When two Signs are prefixed to one Term, as above, 
the upper takes place when all the Signs of the propofed Se¬ 
ries are given affirmative ; but the lower when they are given 
4 - and — alternately, 7 ° 
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COROLLARY I. 


Therefore i ip be taken = i, we (hall have i + y-f- 
+ «.»+ »-”+*■*! & C ' __ _JL_ -4- __ J‘ X _ , _ __ 

*- r.rfl.r-f-2 9 l_|_x - r. if*)* r. r-f I • I a*] 1 


fjrzhi: 


-I .q — z.x* 




__ t g-g— l.f— 2. 9 — 3 .X* ^ 

- r.r+l.r+ 2 l+x\* ‘ r.r-f Z.r+Z.r+i.l^x 1 * 

COROLLARY II. 

» 

But if p be taken = », and r= i, then vve (hall have 
— i 4 4 9 

»4- i T . »+«r . ”~hii x ©v.===^ I 


4 

A 


7 16 


* 4 > 


into i 


** -f «.«— 3 -» a — »•»*— 4 
* i=f>f— 1-4-9 ^i 3 


. X ==7, ©V. 

1.4.9.16 


COROLLARY III. 

Alfo from the foregoing general Expreffion, the Sum of any 

Infinite Series asi+f ^ x ^ ^ x ^ * * ’ 

. » n-\-m n+zm f ?±1 x till x 'x\ &c. where 

3: - * ^ X r+zm « * 2 * 3* 

^ is a whole pofitive Number may be eafily derived: For 

~+' 

this Series may be changed to I + *- * ~ "F ~ r * 7^" x > 

m 1 

t 






t x -- &c. and therefore by writing — and — inftead 

cj 2 J J ^ <v m m 

of p , n and r in that Expreflion, we {hall have x 


9 -t 


q.q — m.p.p + i 


'+* 


r. r-\- m . v . 2 v . 


*+* 


| 7-7 — m ■ 7 — 2 m.p.p-\-‘v.p-\- 2 , v-x i ___ j -f- n.px 

_ r. >'4* m . r-f- 2 m ,v .2<v . "jv • i~J~x\* * * - r.nj 

n.r.\m.p.p-\-v.x^ _±_ »■ « + m .w-f 2 m .p v-p-\- 2 v ■ -v 1 ^ 

" ‘ ' - r.r-{-«r. r-J- 2 tn .»v.2*u.$v * 

EXAMPLE I. 

Let it be required to find the Sum of the Infinite Series 

]+2 J xx + - x — x x 2 -f- — x — x — x x 3 , &c. or i -f- 4 x 
1 14 1 4 9 

Gfc. then by comparing this Series with that 

in Corollary II. we fhall have n = 2, and confequently 
1 - w i -4— i— = ==rr equal to the Value fought. 

T^i* xl ^‘-* —*1 

EXAMPLE II. 

Let it be propofed to find the Sum of the Infinite Series 

i.io z 1 , 1.3.10.132* __1.3.5.1 0.13.16s 6 

1 T-4 2 - 4 - 4*7 2:4.6.4.7.10 

1.3.5.7.10^^2^19* &c. then p being = 1, v=2, n=io, 

^ 2. 4.6.8.4.7.10.13 ’ \ 1 

r = 4, zw = 3, * = z% and y («— r) =6, we {hall, 
by fubftituting thefe Values in Corollary III. have ===|* 


6 . 1 
4.2 


1 -l-z 1 


6 31 3 x z * 

4 - 7 - 2 • 4 i-f z2 f 


i+*1* 


1 — x —;—r 

1 4 « + ** 

be found. 


27 2 + 

—- X : ■ _ — 

H2- l 4 z*j 


for the Value that veas to 
PRO- 
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PROPOSITION VII. 

T O determine the Sum of any Infinite Series, as l + x 
x + "_^±htJ+l x ** -+- t x , Qy. 

r.r- 1 . a/. 1 r.r-}-i • r-{-2 .«u-}-2 * 

where (v) o/' Divifors r, v, zr <z whole pofitive 

Number , zz»z/ ^ Difference (n—r) between the other (r) 
zzW one of the Multiplyers (n) a whole pofitive Number 
aljo. 


Put 


P+ l - 


P 4-z- 


f±}z 




d — ej^d-y-e =/, ^ x /=£,££-* * g = b, &c. and let 
S = i4-Vx.r + ».»+i-/./+ i x x t and then, the whole 
Equation being multiplied by dx y "\ we (ball have dSx y —' 
= dx'-' +;Xf X V + *A V +‘ + ’fifi X gx v +\&c. 
Where it is evident that z/x*” 1 , e x v , fx yJ r\ gx v + 2 , &c. ex- 

prefs the Terms that remain of the Binomial i —x F ' V 
expanded, after the v —i firft Terms are taken away. Where¬ 
fore, to deduce the true Value of the Series d x v — 1 -+- ~ x 
** v , &c. (according to Prop. I.) let the v —i Terms of 
the Binomial, which are not above exprefled, be denoted by 
.£x v "“"3q-cx v — 2 , and let the Series 

d a; v_ “I_i_” x ex r -\- n -^~ x fx v ~ h 1 £?r. be continued down- 

r r.r- J-1 J 

Wards by the fame Law that it is continued upwards, fo that all 
thofe Terms may be taken in ; and then, from fuch Continua- 

don there will arife x x • • • • * 

n — n — v-f-2 n — v-\~l n —I 

A a A 
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A-■+- 


— x—, x bx'~ 3. 

n —2 n —i 


QA- 


71 - r U-\- I 


x —T- x Q_C tf 

i-j-i r— t/-}-i r—‘iz-f - 2 


x c x v “ 2 , equal to 

n — v~\-2 


x r * v ~ 2 > writin s Q-f= H+r 


v-f -2 r— 

k—•‘V- f’ 2 n — v-\- 3 


: Which being therefore added to both Tides of the 


Equation, we fhall have dSx v ~ l -f- Qj* A ■+• x B x 

H--j— x --j— x C x 1 , Qfc. = Q A H--f- x QBa 

"+" * r—1+2 X Of**-~ X C X v — Z d X V — 1 

~f- ” x x y*£?r. which laft Expreffion, on 

the Right-hand-fide, may be confidered as generated by a re- 
fpe&ive Multiplication of the Terms of the two following Lines 

A -f- B x b x 3 -4- cx 2 ,&c. 

^=±i x QJ- .... =2 x «=i -f- —, &c. 

whereof the former is the Binomial i— x' ~P~~ l + v expanded, 
and the latter^ one regular Infinite Series, continued through¬ 
out by the lame Law. Let, therefore, the Differences of 
the Terms of this laft Series be continually taken ( according 
to the forementioned Proportion) and then, the firft Difference 

of the firft Order being x Q, of the fecond, 

x Q., &c. we fhall have ==k p+I _ v * 


I -+- 


7t — r.n —r—i 


+ X Qjrx* 


I — x r—~tv^.\.r— 


=j, &c. eqi 


ual 
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— x 2 -f- dx v — 1 -4- ” & c ‘ {ty w hat is there 

n —i r 

demonjlrated) which, therefore, is alfo equal to dSx '—■ 


4- Q_x A -+■ 


—x 

r —<u+I r —*4-1 


. n — 2 
r —o/-J-2 


x C x *, 


&c. 


Whence S comes out equal to ^ V—I multiply’d into the Diffe¬ 


rence of the two following Series: 


-P+!— v x i 


x>4“i 


Bat 


-4- 


-z-4-1. r —o;4-2 


=E5i, &c. A + —±L. x B x 

1—4 » r—o/4-i 


n--w- j-i.» 2 x q x * & Cm whereof the latter is to be 

r —0/4-1, r —0/4-2 

continued to as many Terms, as there are Units in v — i, and 
the former till it terminates; which, as n — r is a whole po- 
fitive Number, will always come to pafs in n — r-h i Terms. 

Q^E. I. 


COROLLARY I. 


Hence may the Sum of the Series i — 

, n.n+i.p.p+x x% _ ».«4-i.»4-2.j>.^4-i.H -» x xl 

' r.r4-i »'4*2 .o'.o/4-i*‘J ; 4” z * 


r. o/ 


&c* where the 


Signs change alternately, be eafily deduced; for let — at be 
fubftituted inftead of x , in the foregoing general Exprefiion, 


and then we fliall have : 
B* 


Q* 


: < / x T4^|P+ 1 - v 


H-* 


r —0/4-1. r — o-4-z 14-4 


x4=r,a = 


- ^ v A »— v 

" v—— i ^ ^ 1 ~_ i " ^ 

dx y 1 r — 0/4-I 


By + *+1 x q x z t &e. for the required Y r alue in 

r -— i/4~l. r—0/4-2 3 

this Cafe. Therefore, generally, the Sum of the Series 


1 
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r.f> . .p.p 4-1 , 

: ■— F — XA-H-* X 

r.v r.r+i.v.v+i 


fl .> 1 - 4-1 .p ^ 


r.r-fi.r-|- 2 .<i/.'i/-}-l.‘r +2 
i —v 

.v3, <sV.- will be truly reprefented by - 




r—X'-f-l • I 


x — -f- 


r —a;-j-2 . I . 2 


r — r.n —r—I .n — r —2./—r-f-1 f — v-{-2 p —'v-f*3 


v—t /-} -1 r —H" 2 - r —-^FF 

'g-h 1 -l—H" 1 




where h is equal to 


xx + 


-v-j-2. 1.2 J 

x — 2 -r"+ z , x 


I .r — u-\- 1 
«- <V-\-\.p - V-\~2 


__3: y ^Hh3_ continued to v —i Fa&ors, in which laft 

n —T- ,- f*3 • f — 

Value the Sign — prevails only when the Signs of the propo- 
fed Series are -f- and — alternately, and v, at the fame time, 
is an even Number. 

COROLLARY II. 

Moreover from hence the Sum of any Infinite Series as 

x x -f- nn + m -P-P J r' w x xZ _ ± _ ’tn+m.n-\-zm.p.pJ r 'w.p+Znv ^ 
r.n) r.r-\-m.n).V'^-w r.r-\-m .r-^zm .n) .nj-^-nv .nj-^-2nv 

&c. where —■ and are whole pofitive Numbers, may 

be eafily derived; for fince this Series may be reduced to 

~.-t M 

m * nu 


-+« 

m m nju nv 

r r , n) n) , 

—. —}-i.— . — -f* 1 

* *» iv nv 


x x*. &c. let 4 


and ~ be refpe&ively fubfiituted for n i r, f and v, in the 
preceding Corollary, and let n — r=^, r-h m — == 

p — ^ w = /, and n -+■ m — —- = k ; then will 

bx 
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hx 


J.<w 


_* _|_ q.q-'-m.t.t+w ^ 

s . s-^m .av. 2w 


q.q — m.q — 2m. t./-\~'W.t-\~2 e u> ^ x 3 - 

s.s-}-m.s-l-zm.'w.2‘w.3‘Uj , Y 'l 3 * 


-hx w 


k.t 

X I ± X A 
t.w 


x x » ^ x x , ^ 
2 0U J. J-J-WJ . J-J-2.W . W. 2av . 3<U> 

be the true Value required j where the fir it Series is to be con¬ 
tinued till it terminates, and the fecond to Terms (in Cafe 

It does not terminate before) h being equal to =*= x 


x _3 tw -*+ 2m & c% continued to 


- Fadtors, in 


2 a u 

/q-zw.^q-2« 

Which Value, the Sign — obtains only when the Signs of the 
propofed Series change alternately, and ~ is, at the fame time, 
an even Number. 

EXAMPLE I. 

Let it be required to find the Sum of the Infinite Series 
1 _ * X + * X ** — x x % Qc, Then, 

1.12 1.2.12.15 1.2.3.12.15.18 

by comparing this Series with that in the laft Corollary, we 
lhall have «=2, r= i, p—\o j -u—12, m— 1, and w=i ); 

therefore ~ = 4 , and = 1 ; which two laft being whole 

pofitive Numbers is an Indication that the Series is exadtly fu¬ 
sible : Therefore let all thefe feveral Values be now fubfti- 
tlJ ted above, and we (hall have y=i, s= — 2, /=i, k — —i, 

and h (— . 3 — ~ 2 x - x ~~- x ?—) = — j and therefore - 8 -- -_l r x 
_ 1X “‘ 4x0 7x */ 7 7xi+ *|t 

—3 —1.1_ 27 x'6+7* 


t _ 1 • 1 X 

1 — — -- y - 

— 2 -3 «+* 

._ 27 x 6 —x 


81 * 


14 X* 


is the true Value required. 

Bb 


EX- 
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EXAMPLE II. 


Where it is propofed to find the Sum of the Series 


.14 A „ 

1.6 

}+ 3-45-6-5-79-, 

•/ “ I.2.3.4.6.8.IO. 


e—4 


\y 4 , efc. This Series may be re¬ 
duced totf e xi-4 -^| x - -x or to 

1.6 * 1.2.6.8 

*z e x 1 -+- y“| x x -4- W’l 1 ' } * *\ £?r. by writing * = 
Therefore, by comparing this laft Series with 1 -+- JL± * tf 

r. <i/ 

- fifa, we ^ ave n=z n r — 1 P == r 
^ r.r+«r.v.o4-w 1 3> 

■U=6, OT=I, W=2, J=2, i=—I, t= I, &=i, ^(22irlx| 


1 * 2 ) = 8 -^, and therefore f 8xox * *- 
2x3/ 6 *_V. 6x 1 — x\\ 


XI + 


2X1x1x 3 
— I X O X 2 X 4 


_ 8XOXX 


■XI + 


*) 


J =p = 1 -+- 7 t| x * -+- T^l ' l * *% which laft Equation 
being multiplied by £ c , and the Value of x reftored, we (hall have 
. a ~= rj = a e -h ~ x a ! y, GV. which was to be found. 
1 « 

In this Example (s+m) one of the Factors in the Value of » 
being = o, it may feem, at firft Sight, as if both the Expreftions 
multiplied by b would intirely vanilh j but upon confidering 
that in the former of thefe Expreflions there is a Term which 
has the fame s-\-m in its Denominator, it is evident that that 
Term, after an actual Multiplication by the Value of b, 
be no ways affected by s-\-m , tho’ all the reft of the Terms 
intirely vanifh; fo that the Sum of the Series is as truly de- 
3 termincdj 
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terminedasif j+w was a real Quantity; which will manifeftly 

appear if that Series be firft reduced to a t x i -1- ^ -+- ^2 x x * 

&c. whofe Sum is found almoft by bare Infpedtion. Hence 
at the fame time as we fee the extent of this Method, we alfo 
fee how needful it is (for avoiding Trouble) to firft reduce 
every Series to the molt commodious Form, before we fet 
about to determine its Value, 


Of the Values of Series by Approximation . 

CASE X. 

L ET the Series ox m +bx m '^ n +cx m ^~ 2n -t-dx m+3n } 

be propounded, and let ■ be aflumed as an Ap¬ 

proximation for the Value thereof. Then, by writing 


'-{-bx 


m-j-n 


and therefore P = —and 


— - - » - - , &c. and reducing the whole 

Equation to one Denomination, &c. we fhall have 

ax + bx' 

m , -n m4-n 
•—-ax -f- P ax ‘ 

Confequently, when the Series converges fufficiently fwift, 

tf* m + 6x m+n + « m+2n J &e. is equal to or ^ 


J 


nearly. 


CASE 
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CASE II. 

T H E Series propounded being as above, let 

ax m 4-A A- m "b n 

-Tfivi- be afTumed as nearly equal thereto; 

then, by proceeding as in the lad Cafe, we (hall have 


£x m+n H- cx m+2a ,&c. 


* -H a?x m+n -+- hPx m+2 


, 

", ev.j- = O; 


whence, by 


comparing the like Terms, P = -^, A == b — ~ y and there- 


> r <* c m+n 

ax m + b - X x ^ 


&h-\-bb—ac X x n 

TZ-cx" 


CASE III, 


m , a x m- b n 

T ^ ^ T+P^V" be a (Turned as nearly equal to ax n 

bx ' n "^~ n &c, (the Series hid propounded) 

then by following the above Method of Operation, there will 

•«1 be — ad p bd — cc ^ btac—b £4- axbc—ad 

W1 11 come out = P, = Qt_-- 

m , A x m + n • ^ 

= A, and therefore---- 

bbxx"+axbc—ad-\-b*ac—bb% __ aJf m -fflPXJ^ lL 

a (—bb+bl^Td X x»+bd^Tc X * 2 " i+P^+Q 5 in 

where P and Q^are as above fpecified. 
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COROLLARY. 

Hence it appears, that the true Value of the Series ax m 
44x m "^ n -{-cx mJrZn -\-dx m ^ r ' iXi i &c. is nearly equal to , 

more nearly equal to x x *" , and ftill nearer equal to 

a -b-\-a P X * m + n qj. aXac—bb X -|- a X be —a d -f- b X a c — 

, +p x "+Qx2n a c _ b x xn+Jj— x *7* 


EXAMPLE I. 

Let the Series x — j + ~ 5 -y,£fc.exprefiing the length 

of the Arc whofe Radius is i and Tangent a-, be propofed ; 
then, in this Cafe, m being = i, n = 2 , * = 1 , b = — 

c = L &c. the Value of the Series, by writing thefe Values 
in the fecond of the foregoing Exprefiions, will come out equal to 


(* 


+ 9~~' 


->>• ij-fg 


EXAMPLE II. 


n Cm ft I m 1 ^ I ^*"2 . ft I tl-—Z *3 a rj 

Suppofe *4- —*4--^- x —^—at 3-1—— x -y- x — J * 4 , 
to be the Series propounded; then a being = 1 , b=:’^Zl y 




nearly, or 


£?c. the Value of the Series will be 





more nearly. 


EX- 
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EXAMPLE III. 


Laftly.let^ — -4- — 6 — 

exprefling the verfed Sine of the Arc x to the Radius i, be 
propofed j then the Value thereof, by proceeding as above, will 
come out £ x nearly, or ^ x -S'*°-6oox> 


more nearly. 


6o-f2X* 


15120-}-660**+13*+ 


Of the Roots of Equations by Approximation . 

Let there be given the Equation axH-bxM-cxS-f-dx*, &c. 
= y, where ax-J-bxM-cxH-dx*, &c. reprefents any Infi¬ 
nite or converging Series j to find the Value oj x. 


I T appears from the preceding Pages, that the Value of the 
propofed Series will be nearly defined by —f- but more 

nearly by and ftill nearer b <,x+J+Tex*'_ . 

b d } i+P^+05 1 

wherein PandQftandforand refpedtively } there¬ 

fore, if thefe three Expreflions be put, fucceflively, equal 
to y, we fhall have, firft, a 2 x=ay-byx-, and therefore 
x==z ^T y = “^nearly. Secondly abx+Tb^Tc x* a =^ 


by— cyx y or b — ~ x **-+- ax -+- ‘2IL =y j whence, by putting 
b — y ss= A, and ~ -+■ = B, it will be Ax 2 -P 2 B * 
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=* and therefore x =~^ + x - x nearly. 

Thirdly, ax-{-b-\-a P x x 1 — Q* l y—P xy =y, or, by writing 
b-\-aV —Qy = C and *~ P - = D, itwillbeGx;M- 2 Dtf:=y; 

therefore x = + SJL. -+. ^ — ®. ftill nearer: Which three 
Expreflions will ferve as fo many general Theorems for the 
Value of x , and may be ufed at Pleafure, according as a lelfer 
or greater Degree of Accuracy is required. 


COROLLARY I. 


If there be given £ - ^ -r- ~ ..fts-iT*' 

&c. =y (exprefling the Relation between the verfed Sine (y) 
and the Arc ( 2 ;) of a Circle, whofe Radius is Unity) then, by 

putting z a =x, it will be j ~ ■+■ 2 . 3 . 4 . s . 6 >®’ c - = ^ 5 ’> there " 

-— &c. we fhall, by fubfti- 


fore a being here = ^, b = ■ 


2.3.4 


tuting thefe Values above, have x(=zz z ) = 10 —y y 
v 3 


40 y nearly. Or ^ (= 2 1 ) = 


3 78 — 33 j— y /37 8 —3iyP — 1 SJiJL* £!+*»5 more nearly. 

COROLLARY II. 

But if the Equation given be x —^ ** + “ x “ * 3 

_ 5 ±£ x Hh3 x i±4 ^ (where j is the Value 

of an Annuity, 7 /the Number of Years, and i-t-x the Rate 

of Intereft correfponding) we (hall, by writing 1 ,- 

1 
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-j— x ”" 1 inftcad of a, b, c, &c. in the la ft of the three 

general ExprefTions, and putting = y, get 

_ ::+i . x»+3X> , =C) i _ ibx* = D> and * _ 
very nearly. 

COROLLARY III. 


Laflly, if the given Equation be x -f- -— 1 ^+-— x x 3 

~j~ x “y~ x ~ 3 * x *> ^ then will ^=1, b = ^p-, 

c -—— -— x—-—, • which \ alues being fubftituted above, 

we /hall have A = L+i B — zxy c — i__ *— i x« —2 x y 

6 * 6*2 12 * 

D = iifn!iy, and * equal to- y „HT nearly, but more nearly 

4 1 + —^y 

equal to J A —^-> an d nearer equal to ^/R} -f-L — R. 

Hence we have a ready Method for finding the Cube, Biqua¬ 
drate, £?r. Root of any given Quantity; for let Q reprefent 
that Quantity, and let k be taken nearly equal to the required 
Root thereof, and let n be the given Index, that is, if the 
Cube-Root be required, let n be 3, if the Biquadrate’, 4, &c. 
and let the true Root be reprefented by k-\-z y that is*, let 

k -+-z" be == Q^ Therefore 1 -f- = ~~ and, by expanding 

1 I'"* we have 1 + » x j -I- » x x =^5 there¬ 


fore | + — 

* 2 


X i? 


n—2 

~T~ 


7T,^.= 


Q—^ 


and, by putting | = *, and =)’, we have x ■ 


x*. 
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&c. the very fame as above, and confe- 

quently the Value of a: is as there determined 3 whence the 
required Value of k-\- kx(k-\-z) is alfo given. 

EXAMPLE I. 

Let it be required to find the length (2) of the circular 
Arc, whofe Radius is 1, and verfed Sine Here, by writing 

* inftead of y 3 in Corollary I. we fliall have z equal to 
j s/ . 2 9 ?_j 9 -20 ^ I • 0472 nearly, or 

^ v / / IiL rv / 7 2 3 x 6 7 ^~ lsl2x6 ^ 1.047198 more nearly. There¬ 
fore, fince the Arc, whofe verfed Sine is is equal to - of 

the Semicircle, it is manifeft that the length of the whole 
Semicircle, according to the foregoing Numbers, ought to be 
3.1416 nearly, or 3.141594 more nearly. Now the true 
length of the Semicircle is known to be 3.1415926, &c. 
therefore the Error in the former of thefe Values, is lefs than 

Part of the whole and in the latter lefs than —-— 

if 000 2000000 

Part. And if the verfed Sine firft taken had been lefs, as for 
Infiance, that of 15 Degrees (= 1 — | — the Con- 

c lufions would, ftill, have been much more exatt, and true, 
leaft, to 9 or 10 Places, which is fo very near, that I believe 
fcarcely poflible to find out more eafy and exad Approxi¬ 
mations for the Arc of a Circle, than thofe above given. 

D d 


EX- 
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EXAMPLE II. 

Where fuppofing the Value of an Annuity for io Years to be 
8 Years Purchafe, ’tis required to find the Rate of Intereft. 
By comparing the Values here given with thofe in Corol. II. 

we have « = io, s= 8, therefore y (— ~~ 2S \ = _i_ q 

J V»x»+i 7 no* \ 15 

g+ 2 X»-l- 3 Xj , \ = 504 ^ _ a-f-3 XJ> \ _ 223 D 

20 ' 55°* V 2 5 / 550 * 5=55 

js? i = TI6> and confequently i-§ + /|‘ + 

= 1.042775 for the Rate of Intereft required very nearly. 
Now according to Dr. Halley '5 Theorem, the Rate will be 
1.042798, which is alfo very near the Truth, but notfoex- 
a& as the former, which is right in all its Places. 

EXAMPLE III. 

Where it is required to extratf: the ‘Cube-Root of 10. Be- 
caufe it appears that the Root required is a little greater than 
2, let the Value thereof be reprefented by z-t-z, or the Va¬ 
lue of k> in Corol. III. be taken = 2 - x then, n being = 3, 

y will be = i C = M and D = therefore (by the firft 

ef the Approximations there given) * will come out 

= .0768, &c. nearly; or (by the laft) equal to 

.077217 flill nearer: Hence (£+£*) the Value^fought, will 
be 2.154, or 2.154434 more nearly. 


EXAMPLE IV. 

Let it be required to extract the firft furfolid Root of 125000. 
Here, as the required Root appears, by Infpe&ion, to be ibme- 
thing greater than 10, let the fame be denoted by 

that 
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that is, let io-Hsl’ss 125000; then, by proceeding as in the 
laft Example, we lhall have y = 0.05, A = 1, 6 = 0.525, 
from whence, by the fecond Theorem (in Corol. III.) the re¬ 
quired Value will come out 10.45636, which is very near the 
Truth, but if the laft Theorem had been ufed, the Anfwer 
would have, ftill, been more exadt. 

EXAMPLE V. 

Where there is given the Equation s 3 -4- s 2 -f- z = 90 ; to 
find the Root thereof. Since the Value of z, it is eafy to per¬ 
ceive, is not much greater than 4, let it be denoted by 4-f-x, 
and let this Value be fubftituted inftead of 2; in the given 
Equation, and it will become 84 -f- 57* - 4 - 13 * a + * s == 90, or 
£7#_|_ I 3#*-4 -x 3 = 6; which being compared with the ge¬ 
neral Equation a = y 9 we thence 

have <2=57, b= 13, c==l > ^=°> &c - andy = 6i where¬ 
fore, by the firft Approximation, the Value of at 
will be 0.1028, and therefore that of z = 4.1028 nearly : But 
if a greater Degree of Exadtnefs be defired, then, according 
to the laft of the three Approximations, laid down in the ge- 

serai Ptopofitioo, we (hall have P Q 

= ;h C (*+«P-Q>) = D (^-) = and 

therefore * \ — §) = 0.10283235; which is 

true to the laft Place. 

EXAMPLE VI. 

Lot 300 z—— z* be given = ioooj to find a Value of z. 
Here, as it appears by Infpection, that 3002; — 2 3 , when 
#= 3, will be left, and when 2=4, greater than 1000, let 
z be piit 3= 3.5-t-and then by writing this Value inftead 
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of z in the given Equation, we-fhall have 263,25*— 10. 
—^ = — 7.125, or 2io6x— 84**—8*j = — 57 j therefore 
a being here = 2106, b = — 84, and^'= — 57, we have 

x (=—=— .002703 633,and confequently z=3.472963 

•+T 

very nearly. 


Note. When the Root of any high Equation is fought ac¬ 
cording to this Method, it will be convenient, and fhorten the 
Operation very much, to negledt all the Powers of the con¬ 
verging Quantity *, which, in fubftituting for the true Root 
(*) would rife hi g her than the 2d, 3d, or 4 th Dimenfion, 
according as you would work by the iff, 2d, or 3d Theorem 
or as a leffer or greater Degree of Accuracy is required. 

Note alfo. That if, after the Value of the Root is once ap¬ 
proximated, a greater Exadtnefs be Rill deemed necelfary, the 
Operation may be repeated till you arrive as near the Truth as 
you defire, as will appear from the following, 

EXAMPLE VII. 

Wherein z$-\- 2 z*-\- 2 > z ' i -)r 4 -z t '-\- 5 z being given = K4.72I 5 
’tis required to find the Value of *, according to the firft Ap¬ 
proximation. Here, becaufe it is eafy to perceive that z is 
greater than 8, and lefs than 9, write $-\-x=z-, and then by 
involving 84-*, and negle&ing all the Powers of * above the 
2d, we fhall have ^5=32768-j-20480x-f-5120x 2 , z 4 = 4096 
-1-2048*4-3 84.x 2 ,2;3—512+192 *+24 * 2 , 2; 2 —64-4-16 x-hx x , 
and therefore 42792 4- 25221 *4- 5964* 2 = 54321, that is, 
25221*4- 5964* 2 = 11529 ; which, by ftriking off two Fi¬ 
gures in each Terrti (to fhorten the Operation) will be 252 x 

4 - 59* 2 = 11 5 nearly, confequently * f- -- 3 2X -) 

J » 252x2524.115x59 / 

= 0.41, and z=, 8.41 nearly. Let, therefore, 8.414-* be 
1 • - - 4 ~- now 
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now ailumed = 2;; then, by repeating the Operation, we fliail 
have 30479^4-6876^=135.92 : whence (according to the 

forefaid Theorem) we have —===~^- ( f-I ) 

30479I 46876X135.92 v aa ~hb ' 
= .004454 for a new Value of x ; which, therefore, added to 
8.41, gives 8.414454, equal to the true Value of z very 
nearly. 


Of the Areas of Curves, &c. by Approximation . 
PROPOSITION I. 

Snppojing a b c to be a fmall Portion of any Curve a b f i, and A a, 
B b, C c, three equidifiant Ordinates ; to find an Exp'reJJion in 
Terms of thofe Ordinates , and the common Difiance A B, that 
Jhall nearly exhibit the included Area AC c b a A. 


L ET a common Parabola, having its Axis parallel to the given 
Ordinates, be deferibed thro’ the three Points a , b , c, of the 
propofed Curve, or rather, to avoid confufing the Figure, let 
that Curve itfelf reprefent a Portion of fuch a Parabola; join A and 
C with a Right-Line, and make S bT parallel thereto, produ¬ 
cing A a, and C c to meet S b T in S and T, and drawing v m 
from any Point v, in the 
Parabola, parallel to A S. 

Then vm, by the Pro¬ 
perty of the Parabola be¬ 
ing to Sa } as bm 2 , to b S% 
nr, in the duplicate Ratio S 
of bm, the Space baSb, a 
included by the Parabola 
and the Right-Lines S a. 
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and Sb, will be j of the Parallelogram braSb, for the fame 

Reafon that a Pyramid, whofe Se&ions made by a Plane pa¬ 
rallel to the Bafe, are in a duplicate Ratio of their Diftances 

from the Vertex, is known to be ^ of its circumicribing Prilin. 
Wherefore, feeing Bb x 2 A B is equal to the Area of A C Tb S A, 

and Aa-hCc x AB to that of ACcraA, the former of thefe 
Quantities mud: exceed the Parabolic Area ACcbaA by juft half 
what the latter wants of it; and therefore twice the former added 
to once the latter, will be juft three times this Area, and confe- 
quently the Area itfelf equal to + Cf x A g. w hich 
Quantity, fince a Parabola admits of infinite Variation of Cur¬ 
vature, fo as to nearly coincide with any Curve for a fmall Di- 
ftance, muft be equal alfo to the Area fought very nearly. 

Q. E. I* 


COROLLARY. 

Hence may the Area of the whole Curve be alfo nearly 
found ; for let the Abfciffa be divided into any even Num¬ 
ber of equal Parts, at the Points B, C, D, according as 
a lefler or greater Degree of Accuracy is required, and let B b, 
Cc , D d, &c. be Ordinates to the Curve at thole Points j then, 

for the fame Reafon that — — C - x A B is the Area of 
ACcbaA , will Cf ~b 4 ^~b ~J _ x CD, bethe Areaof CEedcC, 
and P+ 4 F/+<f£ x EF> that of EGgfeE, & c . &c. But 

the Sum of all thefe Areas taken together, or 

A a-h 4B^ — I 2C c-t-^D ^-i-2E e-h^F/-h2Gg^ &c. is the Area¬ 
of the whole Curve : Hence it appears, that if to four times 
the Sum of the 2d, 4th, and 6th Ordinates, &c. be added the 
Double of all the reft, but the ftrft and laft, and the Sum & 

in- 
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increafed by thefe two Tingle Ordinates, and multiply’d by - 

of the common Diftance, the Product will be the Area 
fought. 


EXAMPLE I. 




Suppofmg AQ a to be a Quadrant of a Circle, whofe Ra¬ 
dius AQ^is 8, and A a, B C c, Y)d> Ee, five Ordinates 
thereto, whofe common Diftance AB is Unity ; to find the 
Area AaceEA. 

Here, by the Property of the 
Curve, A a being = 8, B b == 

v/63 = 7.93725, Cc = v/~6o 

==77459 6 > p ^=v / 55 = 7‘4i62, 

E ez= s / 48 = 6.9282, we have 

4 x B^-4-D^4-2Cc'4-Atf-f-Ed > x 
AB 


-j- = 30.6113; which, by the 



E D C £ A 


foregoing Corollary, is the Area ^ 
fought. From whence the Area of the whole Quadrant may 
be eafily found ; for, taking 13.8564 (=E^x^AE) the A- 

reaof the Triangle Ae E, from 30.6113 there remains 16.7549 
for the Area of the Sector AaeA y the treble whereof, lince 
A E is = E Q, will be the Area of the whole Quadrant, 
which therefore is to its circumfcribing Square, as 0.78538, 
&c. to 1 nearly, the fame as it is known to be by other 
Methods. 


Note. When the Area of any Part of a Curve near the 
Vertex, where the Ordinates are very oblique to the Curve, is 
propofed to be found, the Solution by this Method will be 
c he leafl exa£t: Therefore, in all fuch Cafes it will be conve- 
3 nient 
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nient, inflead of fuch Ordinates, to make ufe of Lines parallel 
to the Axis, as in the following. 

EXAMPLE II. 

Where abede being a Semi-Hyperbola, whofe Abfcifla 
A a is io, Ordinate AE 20, and Semi-Tranfverfe Oa 20 j 
Vis required to find an Expreflion for the Area AacEA , in 
Numbers, that fiiall be true, at leaft, to 3 or 4 Places. 

Firft, I fuppofe A E divided 
into 4 equal Parts, at the Points 
B, C, and D, and B b y C c, D </, &c. 
parallel to the Axis A O, produced 
to meet the conjugate Axis 
of the Hyperbola in the Points 
P, Q^R, S. Therefore, by the 
Property of the Curve, AE 2 (400): 
a ES 2 — Oa 2 (500) : : OP 1 (25) : 
Pfr—Oa* : : OQ^(ioo) : 

— O* 2 :: O R 2 (225) :R d z —O a 2 > 
whence P<£==2o.766,Q£==22.9i3, 
^ R^= 26 .iooj therefore Aa=. 10, 

B/^ = 9.2 34, Cc = 7.087, 0^ =3.900, E^ = Oi and con- 
fequently 4 x 9.234 -+- 3.900 -f- 2 x 7.087 -f- 10 -f- o into 
|= 127.8 equal to the Area fought. 

EXAMPLE III. 

Suppofe EGDHLE to be a Solid, generated by the Ro^ 
tation of any Conic-Se&ion about its Axis D A, viz. either a 
Cone, Sphere, Spheroid, or Conoid ; and let the Content of 
any Fruftum EFGHKLE of that Solid be required. 

Here if p be put for the Area of a Circle, whofe Diameter 
is Unity, and a Curve as a be be fuppofed, whofe Ordinates 

A a. 
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A a, B b, &c. fliall every where 
be as the Areas p x EL 2 ,/> x FK 2 , 

&c. of the correfponding Sec¬ 
tions, then the Area of that 
Curve will, it is manifeft, be as 
the required Content of the pro- 
pofed Fruftum : But this Curve 
is always a Portion of the com¬ 
mon Parabola, except in the pa¬ 
rabolic Conoid, where it dege¬ 
nerates to a Right-line, and 
therefore its Area, fuppofing AB 
=BC, will be, exadly, equal to 

Atf-h4B£-pCc x —; and con- 
fequently the Content of the 
Fruftum, equal toELM-4FK 2 
+ Gffx^x AC; which is 
therefore to EL 2 x/> x AC, the Content of the circumfcribing 
Cylinder, as ELM-4FK 2 -f-GH 2 to 6EL 2 . This Propor¬ 
tion, if AC be fuppofed = DC, and the whole Solid 
EGDHLE be taken, will become as ELM-4GH to 6EL 2 ; 
where 4GH 2 is equal to EL 2 , 2EL 2 , or 3 EL 2 , according 
as the Solid is a Cone, parabolic Conoid, or Semi-fpheroid. 
Hence it appears that a Cone, a parabolic Conoid, a Semi- 
fpheroid and a Cylinder, having the fame common Bafe and 
Altitude, are to one another as 2, 3, 4 and 6 refpectively. 



Ff 


LEM- 
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LEMMA. 

If in any Series of Quantities a, b, c, d, e, &c. there be taken 
A=b-—a, B=c—2b-{-a, D=d—3C~f*3b— a, E=e—4d 
-f-6c—4tH-a, F=f—je-t-iod—ioc-f^b—-a, &c. Jo that 
the Uncia of the Values of A, B, C, D, &c. may be thoje of 
a Bviomial raifed to the {ft , id, 3 d, 4 th , &c. Powers; I fay, the 
Value of any Term in that Series , whofe Difiance from the 
fir ft is denoted by n, will be a+nA-f- n x B-f- n x x 
^C+nx^x^x^D, &c. 

For, fmce b — a is = A, c—2 b-\- a=zB, &c. we £hali, 
by Tranfpofition, have 

b = a -f- A 
c = 2 b — a B 
d = 3 r — 3^-h^ + C 
f = 4*/ — 6f + 4^ —j + D 

/ = S e — *+■ ioc —* 5 £ -h -f- E, 

&c. 


&c. 


&c. 


where, by taking die Value of b , as found in the firft Equa¬ 
tion, and fubftituting it in the relf, there comes out 

c = ^ + 2A + B 
d = 2 c — 3 A — 2 ^ 4- C 
f = 4 ^ — 6 £ -f- 4A 3 ^ "F - D 

/ = 5 e — ]oi -f- 2or — 5A — 4^+E, 

&C. & C . 

in which the Value of c, here found, being fubftituted, we 
next have 

d** 



[ ”5 ] 

d = fl-f.jA- 4 - 3 B + C 

* = 4 d — 3 a — 8A — 6 B -f- D 

/ = 5 e — lod -f- 6 a 4-15A 4-10 B + E, 

&c. &c. & c. 

In like manner the Values of e, f y £?r. are found to be 
tf-4-4 A-f- 6 B-t-4C-f-D and tf-4-5 A-f- 1 o B-j- 1 o C-I-^Dh-E, & c . 
Where the Uncia?, in the Value of each of the Terms b, 'c, d, 
&c. arc, it is manifeft, thofe of a Binomial raifed to* that 
Power, whofe Index is equal to the Number denoting the 
Diftance of that Term from the firft in the Series ; therefore 
the Value of that Term, whofe Diftance from the firft is de¬ 
noted by n y will be <H-«A + yx~xB,(s?r, QJE. D. 


PROPOSITION II. 

Suppofmg a b c d e, &c. to be a Curve of any kind , and A a, 
Bb, Cc, Dd, Ee, &c. given Ordinates thereto , at equal 
JDijlances , but not very far from each other 5 to approximate 
the Area of the Curve by means of thofe Ordinates . 


L ET A a=a, Bb=b } 

Qc=c y T>d=d y & c . 

A B=B C, &c. =p, and 
the number of given Or¬ 
dinates, A a, B b 3 . e- 
c l u al to n + i j putting 
A, c —2£4 -j=B, 
^— 3^4-3^— a=C, e — 
4 ^ 4-6 c —4 b-ha = D y 
&c. Then that Ordinate, 
WhofePlacefrom the firft 
ls denoted by n } or whofe 
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Diftance from the firft is n times the common Diftance, will, 
by the foregoing Lemma, be ■— 2 — B -f- n x 

1=1 x — C -t- n x^=i x ^ x ^D,tfc. Wherefore, if np 9 
the Diftance of this Ordinate from the Point A, be put = x f 
an d = be fubftituted above inftead of its equal (zz) we fhall 

havel + ^ 4- ^ equal 

to that Ordinate, whofe correfponding Abfcifla is x ; which 

reduced to limple Terms, will be a -4- -f- 

r P 2p Zp 

Cx 3 _ Cx* Cx Pat 4 _ Pat 3 liD^r 1 _ Px 

*+■ 6 p~ zp* 3 P 24 p* 4/> l 24*^ 4/ * 

£?c. Hence it is manifeft that zz -+- -f- ^pr — —■ -4- 

= y, is the Equation of a parabolic Curve, which, be¬ 
ing defcribed to the Abfcifla A G, will pafs thro’ all the gi¬ 
ven Points a , b , c, d, &c. Therefore the Area of this 
Curve, which by the common Methods is found to be x x 

Ax Bx* Bx Cx 3 Cx 1 Cx Px*“ 

a "1 Tp 67" 4P 247 6/* 6^ 1 2op* 


Ax Bx 1 _ Bx Cx 1 . Cx Pa* 

"1 27 ^7" 4 / 247 6/ z 6p 1 2op* 

Dx 1 11 Px l Dx | Ex 5 rj ’ n . 1 

■ 767 + -77*-ir + &c - muft be et l ual> 

ry nearly, to the Area of the propofed Curve A a b c dgG. 

Q;_E. I- 


COROLLARY. 

Hence, if a: be = 2/, or the Ordinates given be only a y K 
and Ci then A being = b — a y B =c—2 b-^-a, C=o, &c. the 

included Area #xtf-f- — -f- &c. will be - 'ilttSxX-' 

2 p op 6 ... 

But, if * == 3 />, or 4 Ordinates rf, b\ c and d be given, C win 

bc=d — W+lb — a , D=o, &c. and therefore the included 

, Area 
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Area, equal to - *±) 1 ± 11 ±±.. .. x * . Moreover, if 

5 ) 6,7, &c. be the Number of Ordinates given, then the required 
Area, by proceeding in the fame manner, will come out 
Z2 ±3zb+izc+sz<i+ 7 e v v _^9fii7iH-50^4-50^-f*75^4-iQ/' .. 

9 ° * 288 x x » 

and 4_}'*+ 2 ' 6 l’+27'+* 7 ^+27 e+2i6f+4.iz 

T —’ x *, c re. refpec- 

tively; where a;, in each Cafe, denotes the Diftance of the firft 
and lafl: Ordinates. 


Note.. When the Equation of the given Curve is compre¬ 
hended in this Form, viz.y = Q-f- Kx -f- S\*+Tx\ &c. where 
^R, S, &c. may iignify any determinate Quantities what¬ 
ever, the Curve deicribed thro’ the given Points a , b , c, eft. 
(as above) will be the very Curve given : Therefore* in this 
Cafe, the required Area may he exactly had, by making ufe 
0n >y of as many Ordinates as there are Terms 'in the Value 
)\ or as there are are Units in the Index of the higheft 
p °wer of x in that Equation, increal'ed by one. 


example I. 

Let O be the Centre, a the Vertex, and OD an AfTymp- 
ote of the equilateral Hyperbola abed j and, fuppofingO A, 
A*, and AD, each equal to Unity ; let it be required to find 
Area comprehended by the Curve, the Aflymptote, and 
tbe Ordinates A a and Dd. 

I Here, if on ly three Ordinates be tifed, then a bein<* = T ? 
•+7*4^ 66, ^ ~ 5 > by the Pro P ert y of the Curve, we frail have 
6 x 1 = - 6 944 > & c - for the Area fought. But if four 
G g Ordi- 
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Ordinates be taken, then a being = i, £= .75, c = .6, 
--liittiliiL * ! =.6937, &c. will be the Area fought; 



which Value is fomething nearer than the former, the true 
Area being .69314, &c. 

EXAMPLE II. 

The fame being fuppofed as in the preceding Example, ’tls 
required to find the length of the Arch a d. 

Let R P (y ) be any Ordinate to the Hyperbola, O R (#) 

its correfponding Abfcififa, and Ry=x; then y being = * 
by the Property of the Curve, we lhall have y = and 

(v'V-f- 7 *=) x y /1 4- ^ equal to the Fluxion of the Curve- 
Wherefore, if we now fuppofe another Curve H Gklm, whofe Ab- 

fcifla is x f and Ordinate 1 4- the Meafure of the Ar ea 

of this Curve, will, it is manifeft, alfo expreis the 
of the required Arch a d , the Fluxions of both being tft 
fame. Hence, if AD be divided, as in the foregoing L ~ 
ample, into any Number of equal Parts (fuppofe 3) by 1 ^ 


[ ”9 ] 

Ordinates B k Cl, &c. and the Values of thefe Ordinates be 
fubftituted in the foregoing Corollary, there will come 
out i. i u for *e Arch required. By proceeding m this Man¬ 
ner, to find a Curve whofe Area (hall be as the Value fought, 
not only the Lengths of Curves, but any other Quantities, 
whofe Fluxions are given, may be approximated, even when the 
given Fluxions are fo complicated, as to render a Solution by 
Infinite Series very troublefome, if not impracticable. 


(^Quadratures and theComparifonof¥h\jwvs. 
PROPOSITION I. 

S Uppofmg «+«■ equal to x, Ifay the Fluent of <i+c 2 ;| ra x 
dzt’~' K or the Area of the Curve, whofe Abfcifla 1S 
2, and Ordinate a-t-cz"\ >-dzf , will be x 

- m m.m—i M.m —l.w —1 

1 — T + 7+../+T*-? /+«*+*•*+» *' 

For a-\-cz n | m x dz fn ~~ l z , reduced to a Series, wi ll bec ome 
dz* zxa^-t-Ma cz - 4 - T * f * > 

■ • J t* “ m . _|_ ” * , ~ t X 

of which the Fluent is dz * /»+» 1 • 1 


&c. or *}*'- x V + 

pn-\- 2 „ * t 


ma m , w.w—l 

/+• “ + 


V * 2 ” ' & Ct (by the common Method) But the Senes 
f-V 2 



[ 120 ] 

V + is ■(iyOral. II. Prop.l. 0 / the Summd- 

hen of Series) equal to ' a ~+:' cx '\ m 


xi — 


in .hi — ix.rz ! " 


&c. that is = *1 


/ + * Ha-fez" 


■ 4 -^ --— _ , 

:jilf 4 1 4 fax a+cz' { p 

iij ! h: v [~ rf ' c ' z '' n '•_ •’** I v 4/1 


, „ , _ : :noix-rf 4 *$toH •; 

1 — J- c ~‘ n «: w-4-1 i m Z ■ :j • 

_ and therefore £g x 


74 -> 




Jx m J" 


H-* 


E X A M P L E I. 


p-\-i .p~i~ 2 x 

Q-.E. D. 


2 bz z z 


Let it be required to find the Fluent of J=3 f x _ 

• c Arc.', of the Conic-Sedtion, whofe Tranfverfe is a, Con- 
"Jgate i, and Abfcifia z. By comparing this with a+Tz "| m x 
dzt "~'x, the foregoing general Expreffion, we have r==,= ,, 
" — /> = ~ 1 and therefore >***** ~ ~ 

, . , -21 _LL 

■ 4- 6 * 1 * 1 „ I . * 2 * 


5 - 7* 1 




—y&C, , 


-—- 5 -^2 - - ‘ i «J- 5 * c J.S- 7 ^ 

T - s • 7.9* 1 7 • 9 •'' Jr* * tiqual to the Value requi- 

red.i where x is = that is, equal to*--*, in the 

Circle and Ellipfis, and equal to *+z in the Hyperbola. 

EXAMPLE II. 

VV here it is propoled to find the Fluent of 7-J-2»| * x z 8 z 
Here we have a =i, c= 1>n==2> ^ (2/ __ I ' 

= 8 ) 
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= 8)/> = 2, i -f- z 1 = .v, and 



x I+‘ 



H-— 5 * 6 — —{- 3 - ? - 2 _—-, equal to the required 

n.13.15* 3 11.13.15.17 1 * 

Fluent in this Cafe •, which Series is more fimple and con¬ 
verges much falter, than that refulting from the common 
Method. 


PROPOSITION II. 

The Fluent (Q) of a-\-cz n \ m x dz pn ~~ l z , or the Area of the 
Curve, whofe Abfcilfa is z , and Ordinate a-t-cz n \ m x dz pH ~ l 
being given j to find (R) the exatf: Area of the Curve, whofe 
^■bfciffa is alfo z , and Ordinate a-\-cz n \ m x dz pTt ^ m ' vn 1 x 

f* n -\-gz rn ~~ n -\-h2r z ”, &c. continued to r- 1-1 Terms 3 
r and v being any whole pofitive Numbers. 

Let d-^-cz ^^ 1 x kz qn -+-Bz q C^*”" 2 ”, ^c.+wQ 
be alfumed = (R) the Area fought. Then, by putting the 
Equation in Fluxions, we have 

X « -f I Xa-ffg-^fx ” -{-Cg^” 2n , &c. 



an d therefore by writing <H-ra n l m \dz fn I z,andtf-+-f2 n | m x 

^ x y -\-bz rn ~- 1H , &c. inftead of their 
re fpe( 5 tive Equals Qjmd R, and dividing the whole by z z n ~ l 
* a-hcz n l m , £fc. there will come out 




Hh 
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*4 A Z? ” B C 7 ? ”~“ 2 ”-fD z ? ”~ 3 ”, fro 

?»A g ?*-”+^Ix,B«^ a, +'p;x»C«y , "S » t e*. 

X/* r "4*a r * — *4-^» r *^ 2 *+;s”* -3 *, tf«r. 

■\-dw? n — n 

Which reduced into fimple Terms, is. 



mJf-q-^l X cnAi$ n -\-m-\-qX enBz? n l X f nCzV* Za ,&c.‘l 

+ 9 aAz? n — H +f^x n aBz1 n ~ 2,, t fcfr.>=0 

— Jfz? n + Vn+rM ~ n — Jg** M+,VH+r9 ~ 2 ”*&'.+J<u,zt*-* J 


Hence, by making qn and pn-t-vn+rn —», the two greateft 
Exponents, equal to each other, putting p+v-\-r-\-m=t i and 
comparing the homologous Terms, we have q=p-±-v-\-r —I, 

. df p dg — qaAn _ d b — q —I X «B* p __ di — q —2 X OC# 

A ncT* /—iXf#’ /— 2 Xf» * t —3 X« 

. Where, becaufe the Index of the firft Term in the above E- 
quation is pn-+-vn-\-rn — n , and that of the laft Term pn — n , the 
Number of Coefficients to be thus taken, exclufive of w y will, 
it is manifeft, be r-{-v 5 w being = the laft of thefe Co¬ 
efficients multiply’d by — QJ 2 . I* 


Note. When p as well as v is a whole pofitive Number, 
the Fluent or Area fought will be had in finite Terms, inde¬ 
pendant of Q, by taking A = \ B = =^-^, &c. (as a- 

bove) and continuing the Operation till fome one of the Co¬ 
efficients B, C, &c. becomes = 0, or the Series breaks off; aS 
is manifeft from the Nature of the foregoing Procefs. 


CO- 
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COROLLARY I. 


If f be taken = i, and r, g t h, &c. each = o, and e be 
put = p ■+■ v > then will t become — e-\-m, A == 

B = — =^—, &c. and therefore (R) the Fluent of 


f+ w X c 


a-t-cz n \ xdz ~~ z is equal to 

J g - 1 — ^ g I -—■» v x «* (-A-*- 

1 ,+»_» * ^ ,+**—I ,+/*—2 * W — ~ 7 *~ 

~ X^g *—I 


^ V H- 1 V /+» 

H-H- 1 H- w + 2 /+ w 4-3 


{y)i ° r “ 




_i_ IX/— 2 v _f /«\ _4_ .___ 

** a /-IX/-2 ' ' fV /+»+* ^H-«4-2 

(*u) 5 where the Sign -+- or —, before obtains according as 

v is an even or an odd Number, and where i — r f^ L x 
■+■ (V) fignifies the fame thing as i — ^ x 

&c. continued to v Terms, and - 7 * r - x x ■ 

(v) the fame as — -i-r- x —£ti—, fife, continued to v Fadtors; 

Which Method of Notation is to be underftood in what 
follows. 


COROLLARY II. 


Hence may the Fluent of a-t-cz n \ m x dz? n Jn be eafily 
derived ; for let — v be written inftead of v } in the laft Co¬ 
rollary, and we fhall have e=p — v, t = e-+-m, and 


X(/z 


ten 

I 


i _ £=! x JL juJ=L^=L. x _L_ ( — v ) 

1 /—X t—lXt—2 ' l * tn ^ 7 

Gfc. 
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&c. for the Value fought. But 1 — -—- x —, &c. continued 

to — v Terms, fignifies the fame thing as the v firft Terms, 
from Unity, of the Series continued downwards or the con¬ 
trary Way by the fame Law; and the like holds good with 

regard to (— v ) : Therefore the Fluent of 

a-\-cz n i xdz z, or the true Value required, will, be 

a+cz n X dz n _ f-pT~ rz n r+i x/+2 

ena ^d* 1 * a ^-J -1 X 2 * 


H—IX/+2X/+3 x flg!l ( V \ Q£ 

a' V ' * v 


p-\-m 
X 

P—t 


X 


P+n—i 
P —2 


X 


i v ). 

t —3 ' 


COROLLARY III. 


But if the Fluent of x dz" 1 z be required, ac- 

cording to any aligned Value of e, independant of let 
either of the above found Series 


«-M n r +1 x<tz. en x j _ f — 1 x 

/—I fs n 
'Adz 11 ^ J _ /-f- i tz 1 


*— 1 . c —2 a- 

^T7 X —x X ^,^- or 


/ 4 ~ 1 _ *d" 2 f l « ln 
'+« *+i x V’ 




be continued in infinitum , or till it terminates, and it will be 
equal to the true Value fought. But the former of thefe 
Series will always terminate when e is a whole pofitive Num¬ 
ber, and the latter when t , or its equal e-\-m , is a whole ne¬ 
gative Number; therefore in thefe two Cafes the Fluent may 
be exadtly had in finite Terms. 


CO- 
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COROLLARY IV. 

Moreover the Fluent of a+cz n l*"^ r x dz'" 1 z, or of 
a-\-cz n \ m ~^ r x dzf n ' 3rtun '~ x z, will from hence be given, in 
Terms of Qjmd algebraic Quantities, when both r and v are 

whole pofitive Numbers; for a-\-cz n \ m ^‘ r (= a-^-cz^ x 
cz n -\-a\ T ) being = a-^-cz'f 1 x c T z Tn -+- rc~ x az n ~~ n + r x 
r ~- a L z rn '~ 2 * } &c. if, in the general Propofition, there 

be taken J = c T , g = r c~~ 1 a, h = r x x c ~ a *, &c. 
and thefe Values be fubftituted in thofe of A, B, C, D, E, &c. 

as there found, A will come out = ±—, 3 =^ — x 

d<r ~ Z , £ fc. and therefore the Fluent fought = — x 


a+cz'f*' into 




qn—n 




rXf— 1 


?X?--I 
/ x/—I X/—2 


n ,qn—zn 


2 X 3 X /—■ 3 


r X r—IX?—2 rX?—IX ?—2 _? X ? —I X ?—2 

__ rm — » r i_. w,. _ z ~ * v#_»v ? — ? v/_ 


-, £?c. where the Law of Continuation is manifeft. 

But the fame thing may be had in a more commodious 
Form, by help of the firft Corollary: For, by writing x= 

a+cz”, we {hall get *» = ==£ and therefore = 

-,confequently x — a\ y.^-^-=:a+cz" i x dz” 

I i and 
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mi 5 = 3 ™' * Now, 

if the Fluent of x—a\‘~' x~ be reprefented by K, and 

that of x—af ' x ~ Kc ~ by L, and for a, c, z, », d, m,p , e, v, 
Qi. and R, in the forefaid Corollary, — a , i, x, i, 
e—i, m+i, m-j-i +r, r , K and L be refpedUvely fubfUtu- 


ted, we fhall have -* into i 






, — , I — I«—m ar 

i r-4-«r X r-\-m — i a x , x __ i . ,-— 

xT + w+ ,_ 2 X ^ (r)-f-^K X x -f±i- x 

^=±Mr)=L. 

'+*+3 v ’ _ 

But, fincex —a ‘~' x ~ is = a+cz n \ m x dz‘"~ 1 z, the 

Fluents of thefe two Expreffions, mull confequently be equal, 

,W to v — o-K^r+'x^" - ” 7 =\—— 

rnat 1% is. = —* -— x i--x —, & c f bv 

e+mx<* e+m —1 <-«"> 

the fame Corollary). Therefore, if f be now put =m~{-r 

‘T H - ‘“t 7 ' F= fp 11 2 $ * S M “ JG = 

H-»f I x >f«q. 2 ( r ) and thefe Values with that of K, be 
fubftituted in the foregoing Equation, & c . we (hall Lv* 

a-f Ya~ ~F~T 7 ———;---— 


X I ■ 


x< 

bn 

/ x , dFa X x m + X z en — n 
V) H -—-X I 


b—lXb—zXx 1 A—im ^.2 x i , x 


*— iX« 


^ —z x (6—3 X ** 

iXt-aP i=T5i_, X **«*" ( V ) 

FPO v i^rf 

—-^77-^-, equal to the Fluent of a-t-cz n x 

dzf ^ z, or the true Value required j where * Hands 

r_ 
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for fHrV, x for a+tz n , and Qfor the Fluent of a+cz n \ m x 

dz?" 1 z } and where the laft Term i s t0 be taken 

with the Sign or —, according as v is an even or odd 

Number. 

COROLLARY V. 

Hence may the Fluent of a+cz n f+ r x dz p ”-~' vn — 1 * be 
eafily derived; for let — v be fubftituted inftead of v in the 
laft Corollary, and we fhall have e=j>—v i f=z' m + r 

g = »!-he 3 h=e-bf (r)=F, —£_ x *+ r 

j9 i+' g+2 1 x t+» +2 

(— v) =G, and the Fluent fought = x t-f- —Zg — / \ 

_ bn b—axx ' ' 


e—lXa 

I —-=-— (- v) =♦= 

Z —lXf2 a ' J 


FGQ.x/ v 


^ ut flnce rr^x7 * rr^rr (— rj )> or -rj - r- * r r+1 x 

p+m+i p+m+z \ '> /+«+1 H" w + 2 

&c - continued to —v Faftors (as has been before 

obferved) fignifies nothing more than x - /+1 . & c 

. - , P^r m ~T l p~ 

continued tne contrary way, by the fame Law, to v Fa&ors, 

o Will here be =*±2 x x and, for the 


(— v) will be 


like Reafon, i-(_*) will be 

* g-lXc** g-iXg—ZXc’z*'' \ * 

=== —-gxg+.x <»*>“_ , x. And therefore 

__ exc + ixa ' ' ' bn * 

+ i r ) + 

b — ixb -~2 X# x ' ' r* 


X 




I 
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, —d-l±g + f+-xj+»x>V-, x FG Qc v a r ~~ v is the true 

Fluent in this Cafe. 

COROLLARY VI. 

In like Manner the Fluent of a-\-cz n i w—r x dz* n ^ r<vn 'z, 
may be determined; for let —r be fubftituted inftead of r, 
&c. then will c =p -+- v, f=m — r, gr=.m-\r e, h = e-\-f y 
F = i x x *— (r), G= x -tb-(i)),and 

m m —i m —2 ' ' /> -{—«*—}— i 2 

Jz'"xf+' . ~ *+.x « H-~ H-zx«‘ 

/+2X« /+ZX/+3X<» 


/4 - I X » a _ 

f—i x« . f—iX *—zXa 1 

g —iXgs’ 1 £ 1 Xg—2Xcz~ 

the Fluent fought. 


J '-FGQj? 


eng a 1 

• equal to 


COROLLARY VII. 

Likewife, by proceeding in the fame Manner, the Fluent 
of a+cz'i—' x dz^ n wn 1 z, will be found, and is equal to 

J z en x^~ l l ^ + lXx h- \.\Xh+zXx z / \ , JFz en x m ^~ l 

f+lX»* f+*Xa /+2>cr+3Xa^ ena r+l 

FG Qjc v 


+ «*£££££■ (*) =t ^, where / = 

a. ■ 


r+lX« *-HX*+ 2 ><«* 

/>—W, /=»—r, g=f»+(, b=f+g, F = f (r), 


(v) and all the reft as in the pre- 


G== /+* X / 4 ~ CT — 1 y H-**— 2 

./—« 1 2 />—3 

ceding Corollaries. 

COROLLARY VIII. 

If c be negative and p, p -h v, m i and m - 4 - r -f- * 
affirmative, or />, and /> 4 -‘u affirmative, and and 

i 
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m-hp- negative, and z be fuppofed to flow till d+cz n 
becomes nothing or infinite, or till QJbecomes the Area of 

the whole Curve, whofe Ordinate is a-\-cz n \ m x dz f,n '^ l y it is 
evident, from Corollary IV. that the Area of the whole Curve, 
whofe Ordinate is a-\~cz n x d z f>n ~^' vn ~~ l w jH be truly de¬ 
fined by — x x «±i (*u) x 

J s s+1 i+2 ' f + I 


*'-kr 


*+£ v H-3 />\ x 


J; where s is = 1, and g=p+.m-hv, and 

where v and r may reprefent any whole Numbers pofitive 
or negative, under the forementioned Limitations. Therefore 
if r be taken =0, and c== — b y then the Area of the whole 

Curve, whofe Ordinate is a — bz n ^ x dz pn ^" cvn ^ x y when the 
Values of b y p , and m- hr are all pofitive, will be equal to 
^ x £tl x (<y) x -~f-: From whence it appears, 
that the Area of the whole Curve, whofe Abfcifla is and 
Ordinate a — bz n \ m xdz* ,, ~ ml x A-hB2 , '-4-C£ an -j-D:z3 fl J &c- 

p. p —|— i. c “ 


will be truly reprefented by Q_x A 
~~p-P+up+t-' 0 * 


p B a 

sb 


s.s-\-l.b x 


^ where A , B, C, fife. ftand for any de¬ 

terminate Quantities. 

COROLLARY IX. 

Hence if t be put to denote any Number at pleafure, and 
^ + B2! n 4-C2 in +D2 3n , &c. be taken == i —tlz 

4 - L x i+i X - X ^ X X l\ ZJ», GV. == T+TPi - ' . 

fhall then have A=i, B =— tl> &c . and there¬ 
fore the Area of the whole Curve, whofe Ordinate is 

•^E^Px </*'—■ xThW', or will be 

Kk Ox 



I * 3 ° 1 

O y_~i - *’* V al I "+*• /•/+» y * 1/l 

I ./ b 1.2./. J-j -1 b 2 I . 2. 3 ././-|-I./-{-2 £ 3 * 

which Value, if w be put/ — j, will be truly ex- 

d re fled bv x i y g/ I 77 +i 

P y / + a/| pX i i./ x ^ I .2././+I x 

T^T/r “ T777777774rrr£ r * 7TT7P> as a PP ears 


, B ./+I./+2 b + al\ 

from Propofltion VI. of the Summation of Series ; and there¬ 
fore in all Cafes, where w or/ — s is a whole pofitive Num¬ 
ber, the Area from hence may be exactly obtained : And hence 
alfo may the Area of the whole Curve, whofe Ordinate is 

-» be ea % derived; for, finee £■+ -lz a \ l maybe 

reduced to k l x i \ ^ et 4 be ^ ub ^i tute d inftead of /, in 

the forefaid general Expreflion, and the whole be divided by 

k\ and then we {hall have-^fZZ^into i- al 

* bk+al? «•' 


<U 1 . •K'-1 . 

I. 2. /./-{-I 
« 3 / 3 




/* + <*/ 

««;. oc— I. w— ^.p -p-\~ i • p-\- 2 

2.3./. /-j-I ./-f-2 


___^3, Gfr. for the true Area in this Cafe; s being (as before 
fpecified) =/ -+- m -f- i. 

COROLLARY X. 

Alfo from hence the exa& Area of the whole Curve, 


whofe Ordinate is 


Hh^r 


may be deduced, when * 


and t are both whole politive Numbers, tho’ the latter fhould 
not happen to be the greater, as is required in the laft Co¬ 
rollary : For the Series Qx i-- x (univerfally 

exprefling that Area) may in all {uch Cafes be fummed, and 

hy 




[ ] 

by Corol. I. Prop. VII. of the Summation of Series, is equal to 


PQ>>X*-f al\* 


I 

./—■I 


b-\-al 


i.m —i./—i. t —2 

TTzTT^T^ 


i+TTp’ 771 '— 4 .- 1 - 

£?r. w and P being as hereunder fpecified: From 
which Area that of the Curve, whofe Ordinate is 

—LL4^- may be eafily obtained, and, by pro- 

ceeding as in the laft Corollary, will come out as follows, 
pqfr>x 77 + 77 p+ ~ 
i‘-lyJT\ s — 1 


I .t - I . t -2 


I.p — 2 * hk + al 


1.2. S - Z.S -3 


a '/ 1 

bk+ZTf 

U \ s - 1 
7 i * 


m.m — i.m —2. t — i.t — z.t —3 ^ a 3 l 3 
1 .2.3./ — 2.S—1.S —4 bk^af\ 


r, £ 5 V. — 


PCL 


bi 


l . W.fl» — I.W—I .at—2 w a 1 / 1 

^ -1 .2.i—2.f—5 **** 


jw .«—i ,wx—2.at’—I .at—2.at—3 


x Gfr. where both Series 

1.2.3.J—2. p—3.P—4 b^P* 

are to be continued till they break off, and where w is put 

= r— t, and P = =*= L’ , 4 ' 4 »M««-’ 4 '.’ 4 »M in which 

m.m — i.m — z.m —3 .m —4 (s — 1) 

laft Value the prefixed Sign -4- or — obtains, according as t 
is an odd or an even Number. 


Note. In thefe two laft and the fucceeding Corollaries, k 
and / may denote any Quantities at Pleafure, provided the 
Quantities b+al, bk+al, and bk^al, wherever they occur, 
he pofitive. 


CO- 
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COROLLARY XII. 


Moreover the Fluent of a — bzf* x dz u ” ‘zxR, when 
a — bz n is =o, or the Area of the whole Curve, whofe Abfcilfa 
is z, and Ordinate a — bz n | m x dz 


x R, fuppofing R 
qn 1 z f and u and q any politive Num- 

q n— I 

v 2 


— k-=^lz n \ x z 

hers,, may from hence be determined ; for k=^Iz n \‘ xz 1 
being converted to a Series, and the Fluent taken, we have 
7 *™ i * t-f -1 

7 F * 1 — x IT ■+■ 2T7-P2 x ~7T» &c. and there¬ 


in _ z in x £ t 

“ 2t * 9 f + * 


fore a — bz n ™xdz un 1 x R, if p be put = q-+- Ui w jH t, e 

1 a—h. r n | xdz *"— 1 

equa l to - 


t lz n 

- X - =±= —X -T- 

q q + l k 


I v 7 ^ 

i.q-j-2 k* 


&c. Wherefore if (as above) 5 be put—p+m-£i and Q 
be taken to denote the Area of the whole Curve, whofe 
Ordinate is a —As°i m x dz*”~ 1 and _/*+ » •/* 

3 q y f-hi.-f* * 

&C. be refpe&ively fubftituted for A, B, C, &c. in the ge¬ 
neral Expreflion at the end of Corol. VIII. we /hall have 

x 1 =* x su Z ±L+±n+r tf 


i _ '-H- 1 _ 

t.t + J.t+Z.p.p+l ./ -f-2 


bk 


b z k x 


i.j-J-i.i+2.2.3 .q+r X * I * r > ® c ’ for the Area P r opofed to 
be found. 


COROLLARY XII. 

Therefore, if this Area be denoted by S, and -jL be put 

= #, and t-*—s=.w we /hall have S=-% * - —LL-L- 

**- But k a PF ar s> from Prop. VI. of the 

1 Sum- 
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Summation of Series, that i =±= -+• GV. is 

umverfally equal to ==j? x i =*= 7^=; + TTTTTTT+rTgr? 
a= &C ' be t he Value of *, &c. what 

i. 2. 3 . s . j-j-1 . s-Jr-z . 1 +x\ 

it will; therefore if * be confidered as variable, and both Sides 
of the Equation be multiply’d by >?~ l x y we fhall have 

x q ~~ l x x 1 =±= ——, &c. = ;-r-p xi± ~' P 2 z ,&c. and con- 

S 1 I=pjf| r i.x.izp*’ 

fequently x< x|±^ + GV. equal to the 

Fluent of —- x 1 =±= -+■ ^ There- 


Fluent of + I'L+tSj- There - 

y—i - 

fore if H be taken to reprefent the Fluent of * - * ■ * 

* _ * =+=*1 

1 ^ ™ l** when x is = it is evident, that S will be 

exadlly equal to —But, in ordei; for the more 
? x«/| 

ready determining the Value of H, upon which that of S de¬ 
pends, let be put = y then will *— —* xi± — &c» 

be changed to TSJl” -1 x/~'ji x id=^& + "ffff 
L G?<r. therefore the Fluent of this 

2.3- J.J-fl.l-j-Z 

laft Expreffion, generated while y from nothing, becomes 
= -Ji£_ will give the true Value of H ; which Fluent may, 

in many Cafes, be had in finite Terms, and by the Quadra¬ 
ture of the Conic-Se&ions, if w or / — s be either nothing, 
or a whole pofitive Number. 


CO- 
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COROLLARY XIII. 

But if t—s be a whole negative Number, put w=s — t, 
& = / — y, and (B = and let both Sides of the Equation 

s = -£r * ? — i$rr. + ^ as ( found a - 

bove) be divided by /./H-i.M-2. s —i, and there will be 


t x Lki x ^ 


nk l 


into - 


px 


q.t.t+\.t-\-Z...S —I q f 


Gfr. or to multiply’d by 


t* 




__ __ ___ &c. 

qJ.t+X.t+Z (w-fl) (ow-j-l) f-f-2./-f- 2 ./-f-3(w) 

which Series (£y V. of the Summation of Series) is 

equal to 


1 x _J __ JlL _4- Af r 

tT.cf+I.J+zM q - f + I ^ 2-H-2 3 ' Ut * 

/ — /+! ^ 2./+Z 3 UC ‘ 


J . 1.2.3. 4 (w) 
W-1 


_ x —_ pX - - 4 — t-*±}-** Hr 

/+i.i. 2 . 3 . 4 (tu) /+i r-f* ^ J -'+3 ’ ^ C ' 

(Sc. (Sc. 


But - =±= -f- if * be confidered as va- 

riable, will, it is manifeft, be equal to the Fluent of 

■ T — - - -- when a: is equal to /S or ~; and the like may 

be obferved with regard to the Series ^ r±= If- -i_ 

£$c. &c. From whence it will appear, that the true Value oi 
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S, will, in this Cafe, be = f.H-i. *4-2. *+ 3 ( 30 ) x —j-- 
multiply’d by the Fluent of * JT ~r.^ — — 7~'~ 

J I . 2 . 3 . 4(00 - 1 ) 3 ‘ 


I cio —i .x f iv —i.ov— 2.x «ty—I . «iv—2 . iv — 3 .X pj_ 

X 1 cf+i.£ 2./+2.3 1 2 • 3 *^~h 3 • <^ 3 * 

taken in the forementioned Circumftance, when x from no¬ 
thing, is become = -^p. 

EXAMPLE I. 

The Fluent (Q.) of b z -+-z* l* xzz being given, ’tis required 
to find the Fluent of fr-bz* I s xz*z. 

Here, by comparing b*-t-z*'? x z 5 *, with a-bcz n | m x dz n ~ l * 

(Vid. Corol. I.) we have a=b z , c= i, »=2, 0*=^, </=i, 
and —1 or 2 e —1=5, whence ^ = 3, ^ = 2, />=i, and 

—i m 4 -i , , en — n ~—; 

, v n 1 a -\- cz i ' X* z n/ t — 1 

t (e-\-m) = j, and confequently -—-* 1 

x JL &c. = —+ g N axz4 x 1 —-+- Qj 4 x - x 4 equal to 

the Value fought. But fince/> is here a whole pofitive Num¬ 
ber, the true Value may be had independant of Q^being (by 

r> 1 ttt \ , 7 &F\ M + X xd**~ n v 1_fJZZl x — &c 

Corol. III.) equal to-—-- x 1 /— 1 x > cr * 

continued till it terminates j that is, equal to ——J-ii— x 
* • 

rp -7—— i 5Z 4— iza*i*+s 6 * 

1 — — 1 z - or to — 10 : * 

“ 5 - 3 * 4> 5 


EX- 
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EXAMPLE II. 

Where it is propofed to find the Fluent of fa —**3 j“" ! **x. 

In this Cafe we have a=b\ c= —i, z=x_, >2=3, m —— 
d—i^cn — 1 =— ^whence — l - y and t (=c-{-m)— —r ; 

which laft Value being a whole Negative, indicates that the 
required Fluent may be exa&ly found in finite Terms. There¬ 
fore let thele feveral Values be now fubflituted in the fecond 
general Expredion in Corollary III. and we fliall have 

— —- for the true Value fought. 


EXAMPLE III. 


Let (Q) the Flu ent of £ 4 4-*V x * 3 x be given ^ to 

find the Fluent of x x~~ l * x. 

Thefe Expreffions being compared with thofe in Cor. II. 
&c. we have a = c= 1, » = I, n= 4 , d = 1, 

*.=3» P~— e =—\* e = ~—i anH x'«** x 


I — !±! X —, &c. = 

f + l a —H£ + 

5 

6 


-14 


x i —4. - 9 - x 

lOg* * IO 


* ^ “ 6 x ,o x H X ^ equal to the Value re- 
quired. 


EXAMPLE IV. 

Where (Q) the Fluent of x? or the Area of 

the Curve, whofe AbfcifTa is 2, and Ordinate zi—frf * 

3 
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2 4 being given ; ’tis required to find the Fluent of jJE— fc'f x 
z to z, or the Area of the Curve whofe AbfcifTa is alfo sr, and 
Ordinate s*— b*\~ xz 10 . 

By comparing thefe Expreflions with thofe in Corol. IV. 
there will be c=i, a~ — d~\ i 12=3, ;#=*-, p — J- 
*3 


{> S = j, b= !±,x=zi—b’i 
and therefore, by writing theie Values in the lalt of the E- 


v=2, r= 4, e= j, f 


quations there given, we fhall have t '' xc ' -'**l ’ x z i_75)* 

24 

_ 13 x IQ X 7 b 9 

21 X 18 X 15 

4 X 7 X IPX 13 X S X 8 £ ,8 Q 


13 b 3 Xz 3 — b 3 | 


13 X 10 i 6 X z 3 — b 3 


21 21x18 

! 3X iQX7X4^ ,a Xg 3 — b i \^ x " 8 . 

24x21x18x15x12 9 9 X 12 X 15 X 18 x 21 X 24 

for the true Fluent or Area fought; which therefore, when z 
= *, is barely = 4X7XJ°X'3 XSx8£ 1 Q . 

J 9X12X15X18X21X24 


EXAMPLE V. 

Let there be given (Q) the Fluent of TUTi” 1 x,when 
1 — x becomes = o, or the Periphery of the Circle, whofe 
Oiameter is Unity; to find the exad: Fluent of i — x\ r ~~ * x 
* z x, when i— x becomes = o j or the Area of the whole 
Ourve whofe Ordinate is i— xl^ 1 x 
In this Cafe a = i, c = — i, z = x y i, in = — l - y 

P = s (p+m-b 1) = i, 2; (p-t-m-bv) =v - y and therefore, by 
Oorol. VIII. we fhall have 

« Ll 3 • 5 • 7 • 9 > &*<•• to <v Faftors, into i • 3.5. 7. g, &c. to r Faftors. ~ r - 

2. 4. b.8.10. 1 2 . 14.16. 18.20.22, &f<r. to r-f-'v Faftors. X *° T 

the Value fought. 


M m 


EX- 
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EXAMPLE VI. 


_ — ^ l 

The Fluent Q^of /j 2 h-* 2 I T x x being given, *tis propofed 

to find the Fluent of /j 2 -f- x z \"~ s x x+ x, when h z -\-x z be¬ 
comes infinite, or the Area of the w'hole Curve, whofe Or¬ 
dinate is x*4. 


Here we have *z=Z>% c=i, n= 2, m ——^ i, 

p = \y rz= — 2, vz= 2, j= i whence, by Cor. VIII. 

there will be £ x ?±i (2) x ^ x ( —2 ) x Q 

= — x (2) x — x (2) x Q_== - x - 9 - x -hL 

x x 03 = e q u ^l to the exa& Area which was to be 
found. 


Note. The Area of this fame Curve, or of any Part of it, 
may alfo be found by Corollary VI. 


EXAMPLE VII. 

Where (K) the Area of the whole Curve, whofe Ordinate 

is — z*\~~ £ being fuppofed given; tis required to find 
the exaft Area of the whole Curve, whofe Ordinate is 
/wj*x z 3 
t'+z'Fr * 

Fir ft, to determine the Area of the Curve whofe Ordi¬ 
nate is J* — zh z x z*, which is requjfite for finding that re- 
3 quired. 
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quired, let x dz*”~ l and a+cz"\ a+r x 

(as exprefled in Corol. VIII.) be compared with p—x 3j”I 
and/3 —z 3 |* x z\ and there will be a—p, c = —i, 72=3, 
m— —I, m-hr=^, dz=i, pn —1=0, and pn-t-vn —1=3 ; 

whence r=i, p = y, v=i, s {p-\-tn-\- l) = *, g 
= g, and therefore (f x ( v) x x (r) into 

^ 6/* 6 K 

=*= — fV —/ -d— is equal to the exadl Area of the Curve, whofe 
Ordinate is p —x *3. Let therefore Q_be put ==-^£ 


and let 


f 


1 — jk 3 | z v z s 

- t _— be now compar’ 

£>-f* 3 pr * 


•d with J-**"!^ 


(Vid. Corol. IX.) and we (hall have a—p , £ = i, 77 = 3, 

» = -, d=i,t=\> k=h\ /= 1 , * —y,*(/H-»M-i)=:.I7, 

2 3 

0 

w (/—j) = o ; and therefore ( 


&c.) 


6K/ 6 


5S^X^+/ , I^ 


*Hr^l 

-is the true Value required. 


•w. p 

\.S 


a L 

bk-\-al' t 


EXAMPLE VIII. 


The fame being given as in the preceding Example, let it 
be required to find the exact Area of the whole Curve, whofe 

Ordinate is-^" * - ^ *^. Here, by proceeding as above, we 
A ’—* 3 |Tr 

lhall firfi: set ** 8 *H x 3 _* 9 — x K/ ,5 , for the exaft Area 
& 5XIIXI7X23X 2 9 J ’_ s 

of the whole Curve, whofe Ordinate is y 3 —33^ x Z 9, which 
let be denoted by Q, and then, by comparing 

* 3 1 6 . . 
with 
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with - we fhall have a=fi b = i n — ? 

;;; 2 * ^ ==I » 7’ —i, t= ~£, s = - 6 5 -, and w 

(/—j) = j, and confequentlv ~^ x t -a_ 4 - yri 

_ ^7T|-t 7xP^7 t or 

86 4 K/’^ x?// -3/ { . 

6,36+ji-Vxr^fT* CqUa t0 the re< J uired Arca this 
Caie. 

EXAMPLE IX. 

Where the Are a of (Q) of the whole Curve, whofe Or- 
dinate ts /a"—art* x z'” - ' beipg given; ’tis required to find 

that of the whole Curve, whofe Ordinate is 1 

t 

In this Cafe we have a=b n , b=i i m — ^=1, ^ = J_ 

*"> /=r > /= t» and *(/>-Hw-f-i) = 3 : Therefore, r be¬ 
ing fiere a whole Number greater than t, let thefe feveral 
a ues be written in Corol. X. and we fliall have w==2, 

P=(r7 il r ) — 8, and — £2*l!xZ±5i . so ’ 

I -f--?7rr x ^ or Q x g# n +4^ n —8 xT^-T*" | i 

a g ^ -~ e< l ual to the 

exadl Area required. 

example X. 

Let it be required to find the Area of the whole Curve, 
whofe Ordinate is i_**|-* x R, fuppofing ~ * 


Thefe 
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Thefe ExpreiTions being compared with thofe in Corollary 

XI. wehavetf=i, b=i } ?i—i 3 ?n =— d=i 3 «===*, k=i } 

/==i, /=i p—iy and j = 3 ; therefore Q (the Area 

of the whole Curve whofe Ordinate is a — bz n ™ * dz*” 1 ) 

will here be = i, and confequently x 4 - 

£?c. = 1 -4- - -f-— *H---{- rj—, 8V. equal to the true 

9 25 49 81 

Value fought. But the Area of the Curve, whofe Ordinate is 
1—x R, is alfo equal to the Fluent of 1 —z x 
R, or R R, that is = ; where R, in the propofed Cir- 

cumftance, is equal to 7 Part of the Periphery of the Cir¬ 
cle, whofe Radius is Unity. Hence it appears, that the Sum 
of’the Series 1+ <». is equal to ^ Part 

of the Square of the Periphery of tne Circle, whofe Diume- 
ter is Unity. But the Sum of the Series 1 -f- - + - H” 75 

4- J-—j—~r-, &c. is juft ~ Part of the Square of that Pe¬ 
riphery, becaufe ~ H—L- -f- &c. the Sum of the Squares 

of the Reciprocals of the even Numbers, is =Jxi+j 
4- I 4- &c. that is = - of the whole Series. 


EXAMPLE XI. 


Where R being = t' a H-2 a ‘ i x 
the Area (S) of the whole Curve, 

A 2 —*>* {~ 2 xrcR. 

N n 


*tis propofed to find 
whofe Ordinate is 

Here 
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Here, by proceeding as in the laft Example, we (hall have 
*=bb—i, n= 2, m=z — I, u = I, d=c*,k-c~-, /=ri 

t = 2> ? “ / l=I > *=f> an ^ Q==r z A; whence, accord¬ 
ing to Corol. XII. TO (r—i) = 0 , and S / V- H 

_ x r x*** ? x«/|y 2 

H being the Fluent of i— when y is = — **- a y 

or twice the Arch of the Circle, whofe Diameter is Unity, 
and verfed Sine Therefore the Value here fought, will 

be exactly equal to the Meafure of the faid Arch. 


SCHOLIUM. 


Th 0 ’ the chief Defign of the preceding Propdfitions is to 
exhibit the Relation of fuch Fluents, as can be exprefled in 
Terms of each other, and algebraic Quantities ; yet from 
thence a Method may be derived for finding Fluents origi¬ 
nally, by Infinite Series, much preferable to that commonly 

made ufe of. Let the general Expreflion a-t-cz n \ m x dz ‘*~ I 
* be propofed, in order to find the Fluent thereof. Take v 
equal to any whole pofitive Number, and let p=e+v, t=s 

e-\-m y x=a-hcz n , and Q== the Fluent of d+. C z n \ m x dz pn ~ l 


z, which, according to Prop. I. is = *?* x i_ HL. x i— 

_ pn /d -1 * 

+ 7^7 x 7^7 X r -p-"> &c - Then > by Prop. II. Corol. II. 
the required Fluent will be truly defined by 


, en trt 4-1 
dz. x ' 


/_ b I f* 1 . /+I b-4-2 c 2 z ln , K Of v 

-vt x-h —f— x -T— x —— (v) x trl 

e+i a r-fi e+z a 2 \ >— a , X 


*- f-i tJ r z 


— 1 v P + m — 2 


* («)• Hence, to find the Fluent of 


3 
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a-{-cz n \ m x dz 
— A x^x- 

e-\~i a 


z, let there be taken A = 

C =—B x '+* 




,B= 


^7.D=-C^*x 

and fo on to any Number of Terms (v) and let the 
laft of thofe Terms be denoted by Q ; then take R—_Q^x 


xff, T=— S 


^x^, S = — R x — 

* * _ ^ # p + 2 

V=—T x then will A + B-pC-pD. 

H-Q+R-hS-f-T-f-V-f-W, &c. be the true Value fought. 
Now the chief Advantage of this Method confifts in this, 
that, as v may be any Number at Pleafure, the Value thereof 
may be fo afligned, or fuch a Number of Terms, A, B, C, 
&c. of the firfl: Series may be taken, as to make the fecond 
Series R-pS-pT, &c. converge exceeding fad:, when the Se¬ 
ries refulting from the common Method diverges, or conver¬ 
ges fo flow, as to be intirely ufelefs. But this will appear 
better by an Example or two. Let it be required to find 

the Fluent of i -4- z % \ x z } when z = 1 (exprefling the 
length of £ of the Periphery of the Circle, whofe Radius is 

Unity). Here 1-P2 2 1 1 x z , being compared with a-{-cz n \ m 

x dz' 1 z , there will be a= 1, f=i, n= 2, m= —i, d= 1, 
%z=zi y en —1, or 2e —1=0 5 whence, if v be taken =6’ 
We fhall have p (*+*) = I 3 -, / = — I, *==2, A=i, B= 

C =? D =-?> E = I. F(orQ)=- 1 L, R=^ 

S = i T = li, V = li,W = £, &c. and confequently 

.Qd- R + S, &c. =0.785398; which Num- 

er, round by taking only 8 Terms of the Series R-pS-pT, 
c ' is right in the lafl: Place, and would have required, at 

lead. 
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lcafh iooocoo Terms of the common Series i — - 4 - 7 — 

* 3 5 7 , 

&c. Again, let it be propofed to find the Fluent of 

1 -f. x z. In this Cafe, taking = 4, we have a= 1, 

c= i, »=4, </=i, e=-', /> = 7, * = ". A = z *‘» 

B=-^,C = —D(orQ)=—R = 

19 Qz + g 2 Rs + rji ___ 2Sz + y 6Tz + yy 10 V Z A 

i 21* * 25-v* 29*’ 33* 

£?c. and A-f-BH-C-+-Q+R-hS, GtV. equal to the Fluent 
fought; which if 2; be taken = r, will become 1.08942, 
in finding whereof, no more than 6 Terms of the Series R-f- 
S-4-T, &c. are requifite; and if z had been taken fmaHer, the 
Conclufion would have been ftill more exadt.—Befides thefe 
Ules of the foregoing Method, another Confequence may 
be derived therefrom, not altogether inconfiderable. We have 

proved that the Fluent of a-\-cz "| m x dz fn 1 z, is univerfally 


, „ d, m J n ~ 

equal to —--x 1 ■ 


m cz? 


m m — 1 c 1 z ln 

—r— X X -7—, (SC. 

/>-p l ?+ 2 * 


Therefore if a betaken s=o, r=i, </=i, then x being —cz n t 

pn-\-mn " ~~ ... — -- 

we fhall have —~y n - *'-^ + £7 * hr* &C. equal 


m m —I 

7 m * i+i* 


to the Fluent of z”l m x z t " ' z, that is = ? , ■ ■ whence 

m n ; P n 

_“-1-x ^ 7 "'> = —r '- From which the Sum 

t +1 / 4 « /+ 2 f+ m 

„ - r n . m , m mArr m mA-r , 

of any Infinite Series as - -H - x ■+• j x 

0f*\ where jw, />, and r denote any Quantities at Pleafure, i s 
eafily deduced; for, fince this Series may be changed to 


-, &c. let — I, and — — be fubftituted 


for 



[ >45 ] 

for p and w, in the lafl: Equation, we fhall have 4- 1 !L x 

jn+ 


m m-4-r m4-2r 

- X - , ■ X — 7 1 -f- 

P P +>• /"h 2 r 


x x ji+±. y 

/ /+'' /+ 5 ’’ 


Hence we alfo gather, that if the 


7+r -f 

£* 3 - 

?+ 3 --’ ® • . 

Terms A, B, C, D, &c. of any Infinite Series, be fo related that 
B = J x A, C=%Z x B, D=^r x Ci &e . the Value 

of that Series, will be truly defined by - p ~ r x A ; which 

J p — r—m 

therefore is finite or infinite, according as p is greater or Jefs 
than m-\-r . Example : Let it be required to find the Sum 

of the Infinite Series ~ 4- -x J 4- - x \ x -J 4- - x \ x J x - 7 -, 

4 4 & 468 468 to* 

Then p= 4, m = i, r= 2, and—-—= 1 = the Va- 

lue fought. Again, let the Series propofed be Z— _|-L 

4 -^, &c. then will A = 1 , B = ^ A, C= 2 B ,&c.m=j a 

P= 3 , r=z, and 4 + Gfc. (-7^- x A) = 1. Or, 
more univerfally, let the Series propounded be — 

1 

’n + r.m+2r.m-\-3r(») ' w-f 2r. m + 3 r . m++r(») 

thereof will come out 




and the Value 
which lafl: Ex- 


W.OT-j-r.wq-2r(»— 1 ) X r» ’ 

P r efiion is the fame with that in Page 92 of my Efliiys, but found 
ln a different Manner. 


Oo 


PRO- 
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PROPOSITION III. 


If x and y be two •variable Quantities any how related to each 
other , and the Fluent of y yf~~ x x be taken , and multiply'd 
by x g 1 x, and the Fluent of the Product be again taken 
and multiply d by x~ x x, and the Fluent of this laft ProduB ' 
be alfo taken , and fo on continually ; and there be made f=r, 

r-f g-s, s-4-h = t, t-f-i = v, &c. A = - 


s — r.t — r.v —r(w)’ 


B 


C = 


D: 


— s.t——s {n) y r — t.s — t.nj—t 

&c. and the Sum of all the Indices f 4- g 


r--'v.s--‘v.t--a>[n) * 

h 4- i, &c. be 

denoted by p; I fay , that Fluent whofe 'Place in the Pro - 
grejfon is denoted by n 4- i, will , when x becomes equal 
to any given Quantity a, be equal to the Fluent of. 


B*» 


(n+l). 


For let Px ? -+- Q^ 4 "” -f- Rx* 4 " 2 ” +Sx f4 " 3 ”’, &c. (which 
is a general Exprellion for any Quantity whatever) be a (Turned 
= y ; then will y x r ~‘ x, or y x f ~' x be = ? x' 1+r ~' x •+■ 
Q x^ a'-J- R a* 4 " x, &c. and therefore its Fluent 

? J+ r Q,f+ r +”' R»f+'+ 2 * 

= -J+T + TP+TT •+■ " T P hPm. . &c - which being mul- 
tiply’d by x s 1 x } and the Fluent taken, we have — 

-+- ■ ?, -1-7 *4 + * -r—, From which M«' 

thod of Operation it is evident, that the Fluent propofed, of 
that whofe Place in the Progreflion is denoted by n-t-h 
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.p-\-q+m 


be truly defined by ^.* + , ^ + ff7+^+4» ■?+-+-»'W 


R x t+i+™ &C ' which Value> by Prop. V. 


f-j-r-j- zm.q-\-s-\-zm.q-\-t-\-zm[n) 

of the Summation of Series, is equal to 


A x 




„/’+?+ * 




?-k 


q + r+n 


f+ r + 2 




: H"? R xi+t + 2OT 


B x V + 


H - s +” 


f-K 


■, &c. 


c x TFT ■+■ -T+'+s - 


Rjc H- 7 + 2 « 


H"'+ 2 


£rc. 




&v. 


But A x 


. V H"? 


Q* 


P+l+m ^ Ra ./>+H“ 2 « 


, in the pro- 


—w ** - . r ~i~ ? q-r-fw ' ?+ r + 2OT , r , 1 

pofed Circumftance, when xis = < r, wdl be equal to the F luent 

of + qy +r+ + R * * 


(Sc. or of A a t ~ r >.yx r 1 x (fuppofing x andy variable.) And 
in the fame manner it will appear that the lecond beries 

^ Vx^ q , 05^+?+"* Rx^ - *" 2 '* is equal to the 

Bx irr + —4^r- + -7FH^’ 4 

Fluent of B/-' xyx'" 1 *, @ff. «f. Therefore the Sum of all 

thefe Series will be equal to the Fluent of A a f r xyx x 
1 x+Ca { ~' xyx' 1 x, &c. or of — x 


4 - B a 


t— I S —“ I 

r xyx 


Ax' 


B£ 

a % 


c 4 (■+«)• 


CLE. D. 


Afefe. That all the Fluents abovementioned are fuppofed to 
be contemporaneous, or generated in the fame Time. 

C O- 



[ H8 ] 


COROLLARY I. 


If the Fluent propofed be reprefented by K, then, finee the 


Fluent of —•— 


Ax' 
X —- 


H- &c. is = a v y x 


~ y &c. — the Fluent of a*y x 


+ &c. 


this laft Value, on the Right-hand-fide of the Equation, will 
alio be equal to K j and will be found more commodious 
than the former, when the Relation of * and y cannot be 
exhibited, but by the Meafures of Angles and Ratios, &c . 


C O R O LL A R Y II. 


If all the Indices g, b , &c. be equal to each other, then 
will s = 2r, t =J r, v = 4 r,.p = n- t-l xr, A (~^) 


the Fluent of 


y- A, and confequently K in this Cafe, equal to 

jr r »x Zr n n —I * 3r 

X -r---- x -X—rr 


I .2.3.4. x r n x 


(/H-i) or to that of J which Equation, if r be 

taken = 1, will be the fame with that delivered by Sir lfaac 
Newton , in the eleventh Proportion of his Book of Qua¬ 
dratures. 


EXAMPLE. 

Let y = c ?—, and f g, b, each = 2, and let 
dt be required to find the third Fluent of the Progredion, 
3 gene- 
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generated while x, from nothing, is increafed to a , Here, accord- 

u ‘ | ■■ 5 

ing to Cor. II. we have .-«*£<** . 


1 . 2 .- 3 .. .»*r“ 


whofeFlucnt,univerfallyexprefled,i$—-f- in which 
taking x = a y according to the foregoing Prefcript, we have 
for the true Value fought. 

1 - : ; 

Here follow fome ufeful Theorems, extracted out of the fore- 
' . - Pr opofit ions. 

THEOREM I. 


S= a-+-cz n f z Y.dz u *^ rz * 1 z. 


Let h = r+v, F= d+l x dtl 




2V+4. x iv 4 -a ( r )‘ G —T x 
d 


t x | (‘u), ^ = ^+^2" and Q_equal to x Hyp. 

* 0 __ *c* 


Log. \/ 1 “F ~r— 1 “ v/ or t0 


: x Arch, whofe Radius 


' *YV.<r ' 

is 1 ,and Sine according as the Value of c is pofitive of 

negative.- 

Jz vr 


Then S = 


* 1 -+- 


2 h — 2.x 


2 r —l. 2 r— 3 . a'- 
2 i b — 2.2 b — 4.* 1 


M -+- il±± - x jl x j- 

V J ^ cn nc V *n 2V — 2.CZ n 


FGQa' 




^ 2 r —1 -2 r— y.2 r —5 .a t 

2 -6—2.2-6—4.2 b —6. at 1 

Hh - 4 - 

21/—2.2a;— 4 .t l z ln ' ' 

Note. That in this and the following Theorems, r and v 
may denote any whole pofitive Numbers 3 and that the laft 
Term, when there are two Signs prefix’d, is to be taken 
* 4 - or —, according as v is even or odd. 

Pp 


THEO. 
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THEOREM II. 


S= a-t-cz" i 




Let b=r — v, F = — ^ x — ^ *- 

1 3 5 ' 

and the reft as in the preceding Theorem. 

Then S = - '*' - x 

lr-ix.«x' X X I -+• 2 r_ 3 .« 


2r—3.2f—5 . 


^T- X v/*J 5 n X i • 


-+• m 2 v-~2 l 2 . 2v—^. c*z z ~ a W — ™- : But whe n r is greater 

than v , F will be = o, and therefore, in that Cafe, Sis barely 

2 ^ gVn y n ” I zb —2. X , zh — Z.zlb—±.X*~ r 

===== : x ^/xz n x i H-h -—— &c. 

2r-—lX«ax r v 2r— 3. a 2r— 3.2^— 5 * 

continued till it terminates. 


THEOREM III. 


Let b=v—r 9 F=I x 3 * x 3 (r) G = — x ^x 

2 4 6 w i 3 

(v), and x and Q^as above. 


Then S = —■ 


X y/xz n X I ■ 


i -2.2 h -4.f 1 Z ln , x . </Gf * y„ - , 2r-!•* 

H- 5 —— (o>) H--— x k/xz? x i -j-—- 

2 'v —3.2a*—' rrta* ^ zr—z.X 

-F ( r ) + FGQ*— * : which, when •o is 

greater than r, will be barely = —- ■ —— \S-~ -x y/x% n * 




zh— Z.ez* 


2V —3 .a 

G = o. 


t >51 ] 

•, &c. continued till it terminates, becaul'e them 


THEOREM. IV. 

—m n—<v n —1 • 


S =a-t-cz n I X dz~ 

Put v-\-m=e } and a-i-cz n =z. 

, m 4- 1 ——-— 

ax ' v — i.ez 


Then S = — - . ea _ 

»eaz ta 

continued till it terminates. 


•v —I . <v — 2 .c L z~“ rj: 

-r— . &C. 

£ -I .p _2 /l- 3 


e — i.e — 2. 


THEOREM V. 


Let v-t-m-e, and a-\-cz n =x\ 

dx m 


Then S 


r « 4 -I , vtt —« 
X ~ X* 


X I ■ 




&c. continued till it terminates. 


•v — I .v — 2 ,a x 
e — i.e — z.c 1 z a 


Note. In the two laft Theorems m may reprefent any Num¬ 
ber whatever, whole or broken, pofitive or negative. 


THEOREM VI. 

S —a- J rCZ r '\— 1 x dz'-~' vn ~~ l z. 

p t p -— x-- —x - 5 —. 

(r), G — i x 3 x | (v), x = a+cz n , and Q equal to — ~ x 

Hyp. Log. or to —x Arch, whofe Radius 1, 

•+**!*+ •* W-* 

and 




and Secant y /—, according as the Value of a is pofitive or 


negative. 


Then S = 


*x H- 


zh — z. x 


^.L r r7 i ' 2r -3^: / r \ 

^ zb—z. zh—\ ■ x z 


d¥a~ 


2 V — I .CZ n 


±:FGQ£ a 


zv—i-zv —3 .c'z n 
2 v —2.21/—4. a' 


(«) 


THEOREM VII. 

r,—r—l. 


S =a-t-cz"l r 1 x dz 1 

Let h=r+v+ 1, F = **£ x 22*3' x® (r) G = 1 x 
2* J_ I 3 5 . J 2 

4 x 6 ( v )> anc ^ * an ^ Q. * s * n P re c^fcnt. 

Then S = - 


2 dx* 


;x in¬ 


to- 


Zr —1 X nax z 

1 __ 

JFx* 


zr —3 * a 


zb —z.2 b —4. a : 1 
Zr—1 .zr —5.a 1 


* r +‘ : 


Z.V - l.ctd 1 


_ 21/ —1.21/ 3 . c z *f * 

zv—z.zv —4. a 1 


(0 


THEOREM VIII. 


S =a-{-cz n \ r x dz* n 1 i. 

Let bz=zr — p , z n , and Q. = the Fluent of 

J rgt** -* * 

-+ cxn 2 (which may be always had by the Meafures of An¬ 
gles and Ratios.) 
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dzf 


ThenS =;= ^l _ XI+ _i=Lf_ + 

r — I x nax r—~~ 


_ t ^ - l.b—2.b—t ,X Z / V Q T 7 ----— 

+ =T^i^x («l+^s»a x a > H M 

Which, therefore, when p is a whole pofitive Number, lefs than 
r, will be barely = - ■ - -— 


2.a 

Q- _ ^ 7—fi 2—— 


b — 1 .<6— 2 . 
-^3 •«*"" 


XI + 


&c. continued 


. 7 -* Knux 

till it terminates. 

THEOREM IX 

_ n — bz n \ r “~~ * X 


S=- 


*=F/* n l 


; / being any Integer not lefs 


than r+v+i* 

Let p=v-+- 1 -, s=r+v-b 1, w=/— s } H = Ii HWxi.hM 

and Qj= Periphery of the Circle, whofe Diameter is ( Unity. 

Then the required Fluent, when a—bz n = o, or the Value 
of s generated while bz\ from Nothing, becomes = a, will 


be accurately =- — + x ** -ili L. 

J - t) —-D 


v.<w—ip .p -^-1 .a 1 / 1 


nk * bk^iatf 


XI : 


i.p.al 


i .s.bkzz:al 


i. 2 .bk=^zal\ x 


IV. IV— l.w— *'1* 


oeries will always terminate in w-f-i Terms 


—, &c. which 


S= 


7=ZZF\ r -*x l iP” , +i"-'i 


THEOREM X. 

i t being any whole pofitive 


fcp/z'l' 

dumber, not exceeding r-hv. 

! ^ et P> s > ** anc * Q be as in the precedent, and let m=:r— 
a» —t and P= =♦= ' f + l f + 2 H x w.w-bx.w-j-z ( t —x) . , . , 

m.m — \.m — z.m —j.w—4 (j— 1) > In Which 

Qq lad 




laft Value, let the prefixed Sign H- or — obtain, according as t 
is an odd or an even Number. Then the Value of S, in the 

abovementioned Circumftance, will be = 2 k ~ i ~ al \ x —- — P -S; x 

„*'-**=Tf"" 1 


m.t —i .al m.m — l.t — i.t — 2 .a t 1 

l.s — z.bk^dl 1.2.S—2.S — ibkz+Zalf 

m.m — l.m — i.t — l.t — i.t —3 .a 1 1 3 db r X HPQ, 

1 . 2 . 3 . 2.s— 3./— ±.bk=£al\” «X =F/f 1 

_ m.<w — 1 .al j _ m.m —1 .w — 1 .<iv — 2. a 1 / 1 pg r 

1 i.s — 2.bi * 1.2.1 — z.s—i.b % k x 9 

Note. In the two laft Theorems, the Value of bk^al 
muft be pofitive. 
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An INVESTIGATION of the Curve defcribed by the 
Shadow of an ObjeSt on the Plane of the Horizon , according 
to any given Declination of the Sun , and Elevation of the 
Pole . 

Let fARHT be the Plane of the Horizon, Vd the perpen¬ 
dicular Height of the propofed Object, and An RHTA the re¬ 
quired Curve, defcribed by the Shadow of its Summit; fuppo- 
fing PcB parallel to the Earth’s Axis, and the Angles BPF, 
BPG, each equal to the Complement of the given Declina- 


P 



tion : Then, lince all the Rays intercepted at P, during one 
whole apparent, diurnal Revolution of the Sun (fuppofing the 
Declination to continue invariable) make Angles with the Earth’s 
Axis or PB, equal to (BPF) the faid Complement of Decli¬ 
nation, it is plain, that if thofe Rays had proceeded on with¬ 
out Interruption, they would have formed a conical Surface 
PFKGDj and therefore, as the required Curve is made by the 
nterfedtion of this Surface and the Plane of the Horizon 

ARHTA, 



ARHTA, it muft confequently be a Conic-Sedlion. Let 
therefore r» be now made parallel to RT the conjugate 
Axis of the faid Sedion, and cv to FG; putting Pd=b t the 
bine of the given Latitude (AcP) to the Radius i, i ts 
Cofine = c, the Sine of Declination =d, and the Sine of its 
Complement (c PH or cPA) =/ 5 then c HF being equal to 
tlie Sum, and PAc to the Difference of the Angles He P and 
t PH, we (hall have bd+cp = the Sine of cHF, and bd— cp 
— Sine of PAc, by the Elements of Trigonometry. There¬ 
fore feeing the Sine of PcA, is to Radius, as P d to Pc (= 
we fhall have (by plain Trigonometry) as bd-{-cp : p : : 


and as bd -cp--r- ■■i--Ac = 


whence AH = —L. x_ 1 _ 

6 bd+cp 


h 

b X bd—cp 3 
zb dp 

b'd'—Tjz 


b bd+cp ~ bd—cp b‘ l d 1 —-c 7 ’p x 

-_ zhd P _ 2 hpd . , 

b l d —x 1 —dd bb-\-cc X dd—cc dd—cc ( hecaufe p* = I 

— d 1 , and ^ 2 -f-c 2 =i). Moreover as d : p : ; * (Pc) • — 
= vc or ; wherefore, by the Property of the Curve, it 

vviU be ?lfi=( H«AO:-^-(«*) :: g(AH>) 

4 **/* DTj tjt ‘ 

■ j—i — KI . Hence it appears, that if d be greater than r, 
°r the Declination greater than the Complement of Lati¬ 
tude, the Curve deferibed will bean Ellipfis, whofe tranlVerfe 

and conjugate Axes are and refpedivtly, and its 

Parameter equal to : Therefore when the Declination is 
equal to the Complement of Latitude, then becoming 

infinite, the Ellipfis will degenerate to a Parabola, whofe Pa¬ 
rameter is —i j but if the Declination be left than the Com¬ 
plement 
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pkment of Latitude, then ~tL being negative, the Curve 
will become an Hyperbola, whofe Tranfverfe and Conjugate 
Axes are and-^_, and its Parameter = ^ ; except 

when d o, or the Sun is in the Equinox, in which Cafe 
the Parameter it- becoming infinite, the Hyperbola de*ene- 
rates to a Right-line. ° 


A ? h :tZ/l ati0nCf r the Tme ° f tbe n ‘»- *fc» Dan lengthen 
tbefafleji\ according to apparent rime, and to any aLned 
Excentricity of the Earth's Orbit . ^ ^^ 

Let A-uPOA be the Orbit of the Earth, 

AP its principal Axis, C the Centre, and S 
Jhe Sun, in one of the Foci; and, v 
being the Place of the Earth at the 
Wjmer Solftice, let O be its Place at 
*ne Time required: DrawS-y and SO 
? nd alfo On, perpendicular to AP • nut' 

l X P ^ = ?b S »T’ S0=2 > the SineTof 
L SP , - the Radius i,~ m> its Cof]ne 

^n, and the Cofine of ^SO or the Sine 
Of the Sun’sDiftance from the Equinodtial ° P 
Pomtatthe required Time =*. Therefore, the Sine of «S 0 being 
xx, and the Angle PSO equal to the Different c 
‘he tw o Angle s vSO and vSP, the Cofine of PSO will be ~„°I 

+ my i—xx, by the Elements of Trigonometry ; wherefore 
^wdl be, as i (Rad ius) : nx+m^i—xx : : z (S O) : Sa 

" W 2 + '” Zs/i—xx. But, by the Property of the Curve 
: « : : . C » = ffr^, whence (S »)«£=-. 

Rr 



-e=xxz 
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■+■ m z v/i—xx, confequently z = 


therefore - 


! = a-\-nex + me s /i —xxl 


- fl ~‘ ^= ; and 

a-\-nex-\-me y/ 1 —xx 

which laft Ex- 


prefiion, fince the Alteration of Longitude, or of the An¬ 
gle PSO, in a given Particle of Time, is inverfely as the Square 
of Radius SO, will, it is manifeft, be alfo as the Alteration of 
Longitude, in a given Particle of Time, or in one whole Day 

very nearly. . . 

This being now obtained, let AC denote 
A the Ecliptic, AB the Equinoctial, CB a Me- 
y\ ridian, and C and r thole two Points of the 
y \ Ecliptic, wherein the Sun is at rifing on the 
two required Days, when the Difference of 

A - the Hour and Minute of his rifing is the 

created poffible, and let Or be the Difference of Declination 
in thofe Points j putting Cr=y, and the Sine of CAB, the Sun s 
greateft Declination = d: Th^n as i (Radius : d : : x (Sin e 
of AC) : d x = Sine BC; therefore its Cofine = v/ t— d- x 1 \ 
Again, as y/i—xx (Cofine of AC) : I (Radius) : : 
(Co-Tang, of A) : / 1 ~* . i = Tangent of ACB, or rC», 

' —xx 

therefore its Secant = : Wherefore, becaufe the Tri- 

</y/ 1- XX 

angle C rn, by Reafon of its fmallnefs, may be confider’dj^ 

re&ilineal, it will be as : i : :y (Cr) : Cn = 

equal to the Alteration of Declination, from Sun-rifmg to Su® 
rifing, on the faid two Days very nearly. Let this Alterati ’ 
therefore, be now represented byO/>, fuppofing HR U ^ 
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be the Horizon, PH the Meridian, PR 
and PO Complements of Declination, 
at the Times abovementioned; and let 
the Cofine of the Latitude (PH) be 
denoted by b: Then it will be as 
y/i — d*x % (Sine of PO) : I (Radius) : : 

( Sine of the Latitude) : 



= Sine of POH ; therefore its Cofine, or the Sine of 

v/i —</*** _ _ _ 

O R b is == therefore it will be as . X^tL 

V'—J 1 ** _ _ ^\—d L X l y/l — d L X* 

. . W 1 -** (0/6) : <iyy/'— x *xV '-1> b — R£ • but as 

‘ ’ s*—+*'*!/*'—**• _ _ 

- v ^ 1 — xx * ^ 1 —^ • J yy/ 1 — xx * >/ 1 —kb 

s/ !— d*x % : i : : 

= the Arch of the Equator, meafuring the Angle RPO, or 
the Difference of the Semi-diurnal Arches of the Sun on the 
two Days above fpecified. This Difference therefore, fince 
y, by the former Part of the Problem, is found to be as 


a-\-nex~\-me</ \—xx , 


will be as y^ r ±L x H -«<HW'r 


where, if the Fluxion be taken, and made equal to Nothing, 
the required Value of x may, it is manifeft, be determined, 
let ( e ) the Excentricity of the Orbit and the Latitude of the 
Place be what they will. But the Excentricity, as given from 
Obfervation being fmall, the greatefl lengthening of Days, it 
the propofed Place be not very near the Frigid Zone, mud he 
near the Time of the vernal Equinox, and the Value of x but 
fmall 5 therefore, if the forefaid Expreffion be converted into a 
Series, and all the Terms wherein more than two Dimenlions 
of e and * are concerned, be neglected as inconfiderable, it will 

be 
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be reduced to aa~{~ 2 ame —x i — 2 d *— — -f- laenx 

2 9 

where, by taking the Fluxion, &c. x comes out = 


zn? 



Note. From the Equation foregoing, the greateft lengthen¬ 
ing of Days at London , will be found to be about 7 Days be¬ 
fore the vernal Equinox. 


A Determination how far a heavy Body , freely 
defending from Rejl, falls from perpendicular ,, 
by Means of the Earth's Rotation. 

PROPOSITION I. 

S Uppofmg the Earth to be perjeMy Spherical , and that a heavy 
Body defends from a given Point above its Surface in any 
given Latitude ; to find how far it will impinge from a per¬ 
pendicular , let fall from that Point to the Surface, thro' the 
Caufe above fpecified. 



Let the Axis of the Earth be confi- 
dered as abfolutely at Reft, and let EAbe 
the perpendicular Height from whence 
the Body is let fall, and by the Force of 
Gravity and the Motion acquired by 
the Earth’s Rotation, begins to defcribe 
the elliptical Area ACFA, in the Plane 
of the great Circle EFC, about C the 
Centre of Force, while the Point E is 
carry’d by the Rotation of the Earth, in 
in its Parallel of Latitude Ea S from E 

to- 
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towards a-, let F be the Place where the Ball falls, and FS the 
Diftance of that Place from the faid Parallel; and let th~ Poirt 
«be thePofition of E, at. the Time when the Body impinges 
on the Surface at F. Therefore, fince the Velocity acquired 
by the Rotation of the Earth, and the Attraction at the Point 
A are both given, the EUipfis AF will be given both in Mao-, 
nitude and Species (by Page 23 of my Effuys) whence E F 
and ha will be given, and confequently the required Diftance 
' B “ t , "„ hen th e Height AE is (uppofed fmal! in refpeCt to 
the Earths Radius EC, as in the Cafe propofed, the Solution 
may be otherwife more eahly inveftigated : For then Sabe- 
f 10 re ^P e< ^ FS, the latter of thefe may, without 

fenhble Error, be taken for Fa-, butFS is to the verfed S™e 
A ° the Arch FE as the Tangent of the given Latitude to 
Radius nearly. But FE is given from the Time of Defcent 
whence FS will be given alfo. Q E i' 

PROPOSITION II. 

T ° determine the fame as in the la/i Proportion-, fuppofinr 
a EarP° d ‘ eS &raV,tate P er P endicu >“rly to the Surface of the 

Let AC DR, & c . reprefent the 
Larth (whether under a ipherical or 
* n oval Figure) AB, &c. its Axis con¬ 
sidered as abfolutely at reft, and 
D n R the given Parallel of Lati- 
j let CRS be perpendicular to 
the Surface at R, RS the given 
Height, or Diftance defcended, and 
O the Direction in which the Body 
^ould fall was it not for the Earth’s 
Rotation. Then, as the Attradion, 

Xerted at S, ads in the Diredion SO, the Body, upon its 
S f leaving 




( i6a ) 

leaving S, will begin, thro’ that Attraction and the Motion re¬ 
ceived from the Earth’s Rotation, to move in a Curve Line S n, 
that may, without fenfible Error, be confidered as Part of an 
Ellipfis, formed by the Interfection of the Conical Surface 
CRtfD/> produced, and a Plane paffing through S and O; 
and will continue to dtferibe the fame Areas, in equal Times, 
about the Point O or C, as it did before its leaving S (fetting 
afide what arifes from the Alteration of the Centre of At¬ 
traction, which is too minute here, to require a particular 
Confideration.) Hence if the Point m be fo taken in the gi¬ 
ven Parallel of Latitude, that the Area of the Sedtor CSn«C, 
may be equal to the Area CStfC, then will the Point m f it is 
evident, be the Pofition of the Place R, at the time when the 
Body impinges on the Surface at n. Now the Height R S 
being fmall, when compared with the Diameter of the Earth, 
the Curve S n may be taken as a Semi-Parabola, whofe Vertex 
is S, and Rtf as a Right-line ; whence the Area tf SRtf is found 
= S R x - R«, and therefore S«-uS=SR x | Rtf; which is alfo 

the Area of the SeCtor rCnv, becaufe CSrC being equal to 
CStfC, let each of thefe be taken from CS-uC, and there re¬ 
mains rCnv equal to Stf'uS: Therefore will nm be 
__ s«x_ 2RS near iy j an( j p 0 muc h the Body fall eafterly of 
the Perpendicular. 

N. B. The two foregoing Propofitions might be of Service 
in proving the Motion of the Earth, by the Defcent of heavy 
Bodies, provided the Experiment could be made with fufficie^ 
Accuracy. 


A 
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A Demonstration of the Law of Motion that a Body deflected 
by two Forces tending to twofixed Points, will defer ibe equal So¬ 
lids in equal Limes about the Right-line joining thofe Points . 

Let A and B be the two propofed Points, and C any Place 
of the Body, and let the Direction of its Motion, at that Place, 
make any given Angle with the Plane ABC, or with any 
Right-line drawn in that Plane ; and fuppofe the Body, upon 
its leaving C, to be impelled 
by any Forces whatever, tend¬ 
ing either to the Points A and B, 
or to any Parts of the Line AB, 
and let C-u be the Right-line, 
which afterwards, by 'its com¬ 
pound Motion, it will proceed to 
deferibe, and let the motive 
Force, before the Impulfe at C, 
be relolved into two others, one 
in the Direction of a Right-line lying in the Plane ACB, and 
the other perpendicular thereto. Then, fince the laft of thele 
is not at all affeded by the Impulfe, ading in the Plane, the 
perpendicular Diffance of the Body, from the Plane at the 
end of a given Time, will, it is manifeft, be the fame, let 
the greatnefs of the Impulfe be what it will, and therefore in 
different Times, d;redly as thofe Times. But ACB^, the 
Solid deferibed about the Line AB, being an oblique Pyramid, 
is known to be as the faid perpendicular Didance, and therefore 
muff likewife be as the Time: Hence it appears, that whether 
the Body be, or be not impelled at the Point C, the Magnitude 
or Content of the Solid deferibed about A B, will be the fame, 
and proportional to the Time in which it is deferibed : There¬ 
fore, feeing no fingle Impulfe, however great, can a fled: the 
equable Defcription of Solids about AB, it is evident, that no 

• Num- 





Number of fuch Impulfes can, nor any Forces tending con¬ 
tinually to the Points A and B. q/e. D. 

N. B. The Propofition would have been equally true, and 
the Demonftration the very fame, had there been fuppofed 
ever fo many Forces tending to the fixed Line AB ; and if in- 
flead of the Solids deferibd about that whole Line, thofe de- 
feribed about any given Part of it had been taken. 

A Determination in •what Cafes a Body , afied on by a 
centripetal Force , may continually defend in a fpiral Line 
towards the Centre , and yet newer Jo far as to approach it within 
a certain Difance ; and alf'o in what Cafe* it may continu¬ 
ally aj'cend , yet newer rife to a certain ajjignable Altitude. 

Mr. Mac-Laurin , at the End of his Treadle of Fluxions, 
has found, that if the centripetal Force be as the 5th Power 
‘of the Difiance inverfely, a Body may continually defeend to¬ 
wards the Centre, and yet never fo low as to come within a 
certain Circle, or may recede for ever from the Centre, yet 
never rile to a certain Height; which remarkable Circumftance 
had not been taken Notice of by any preceding Authors. But 
the fame Thing will alfo happen in an Infinity of other Cafes. 

For let C be the Centre of Force, and let the Body proceed 
from P in any given Diredion Py, with a Velocity, which is to 
the Velocity whereby it might deferibe the Circle* PBS in the 
Ratio of P to 1; let R’ be any Point in the Trajectory; and 
make C q perpendicular to Py; putting cP=i,‘ Cq=s\ CR 
=*, and PBS=A. Then, if the centripetal Force be* fup¬ 
pofed as any Power ( n ) of the Diftance we fhall have A = 
; and the Velocity of the Body 


at R, will be to the Velocity whereby it might deferibe a Circle 

at 


•J* 


V/M- ;frr * 

n ~ r l *+1 
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at the Diftance CR, in the Ratio of *//*-+• -7- x TX7- ir 

1 V r I **-+•! »+I 

to 1, as is proved in Page 31 of my Eflays. This being pre- 



mifed, let x \/p z -\ —x x 1 — p*s* — l x ^l be now taken =0. 

”T* * «4-i ' 

and y/p* -f- x — ^7 =1 > anc * then, the Equations 


keing duly ordered, we {hall have * = ? 1 * £ | + ,and/> l j* 

n +s 

^ ^ ( = x ^" 3 ). Wherefore, with this Value 

°^a* as a ^ ac hus, conceive the Circle AbH to be deferibed, 
let the Velocity at P be fuch, that p 2 s x (when poflible) 
T t ' ‘ may 
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may 


be: 


2 + n+lXp x 


J±1 

H l 


»+3 


then if AC be greater than CP, 

and the Body upon its leaving P begins to afcend, it will con¬ 
tinue to afcend ad infinitum , and yet never rife fo high as the 
Circle AD£H : For it cannot begin to defcend before it ar¬ 
rives at its higher A pfe y which (if it can properly be faid to 
have any) will be in that Circle, becaufe AC will be the Value 


of x , when y/p x - 


- x x 2 — p 2 s 2 — 


»+3 


is equal to Nothing : 


*+* x *+1 
Nor can it ever rife fo high as the Circle A£H ; for if it fliould, 
its Velocity there being juft fufficient to retain it in that Cir¬ 
cle, it would continue to move therein, and not defcend again 
in the fame manner it afcended, which is abfurd. By a pa¬ 
rity of Reafoning it will appear, that if AC be lefs than CP, 
and the Body upon leaving P begins to defcend, it will conti¬ 
nue to defcend for ever, but never fo low as to enter within the 
Circle AER. It therefore now only remains to find in what 

_ 

Cafes the forementioned Equation, p 2 s 2 = 1 1 

is pofiible, and in what Cafes it is not. 

In order to which, let the Fluxion of 


*+3 


±> 


2f>* + ,X/ 

HpHp ”+3 

x-V (= J l ) be taken, confidering p x as variable, and you will 
2 

i 4 p 

lave *—r— x -- x —i—-V—— • 

*+3 »+3 


; which Fluxion will be pod' 


tive or negative, according as is positive or negative be- 


caufe 


2-fg+l x^ 1 
•+3 


i*+* 


mu ft be pofitive, elfe s z cannot be 

But 
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But when p is = i, will be = o, and ~*" 

x -h- = i ; which lafl is manifeftly the greatefl: or leaf! Value, 

pollible, of that Expreflion ; that is, the greatefl: when ?H~3 
is negative, becaufe then the Fluxion, while p is lei's than i, 
will be pofitive, and afterwards negative j but the leail when 

_ ”4-3 

n-b^ is pofitive, fince then the Fluxion of ^ 


x- 4 ~ is firft negative and then pofitive : In the former of which 

«+3 


Cafes only the Equation i±±!l£.\" + ' xj; =s\ can be 

poflible, feeing J, by the Nature of the Problem, muft be lefs 
than i* or than CP. Therefore fince it appears that the 
forementioned Circumftances can only take Place, when the 
Value of n-b 3 is negative, or the Law of centripetal Force 
more than the Cube of the Diftance inverfely, let — m —3 be 
fubftituted inftead of «, in order to reduce the Equation to a 
Form more commodious for this Cafe; then we fhall have 


2+m xp z —2 


- z \ m + 2 


= AC, and 2 + l " X P'—* 1 **~^ 1 —p 1 ?: where 


it is evident, from what has been faid above, that the Root p , 
let s be what it will, has two pofitive Values, one of them lefs 
than Unity, the other greater; whereof the former (which 
gives AC greater than AP) muft be taken when the Body 
afcends, but the latter when it defcends, Q^K. 1. 


An 
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An eafy and general Way of Lrveftigating the common Theorems 
relating to Compound-Inter eft and Annuities , without being 
obliged to fum up the Terms of a geometrical Progrejjion . 


Let R be the amount of one Pound in one Year, viz. Prin¬ 
cipal and Intereft, P any Sum put out at Intereft for any Num¬ 
ber n of Years, a its Amount, A any Annuity forborn n Years, 
m its Amount, and v its worth in prefent Money, for the fame 
Time. 

Therefore, fince one Pound put out at Intereft, in the firft 
Year is increal'ed to R, it will be as i to R, fo is R, the Sum for¬ 
born the fecond Year, to R 2 , the amount of one Pound in two 
Years; and therefore as I to R, fo is R 2 , the Sum forborn the 
third Year, to R 5 , the amount in three Years: Whence it ap¬ 
pears that R n , or R, railed to the Power, whofe Exponent 
is the Number of Years, will be the amount of one Pound 
in thofe Years: But as i /. to its amount R n , fo is P to (a) its 
amount in the fame Time; whence we have P x R n =tf. 
Moreover, becaufe the amount of one Pound in n Years is 
R n , its Increafe in that Time will be R n —I ; but its Intereft 
for one fingle Year, or the Annuity anfwering to that Increafe, 
is R—i; therefore as R—i to R n —i, fo is A to m. Hence 

we get —— =m. Furthermore, fince it appears that one 
Pound ready Money, is equivalent to R n , to be received at the 
Expiration of n Years, we have as R n to i, fo is 
(the Sum in Arrear) to'u, its worth in Ready-Money; whence 



From which three Theorems, or Equations, 


the various Queftions relating to Compound-Intereft, Annui¬ 
ties in Arrear, and purchafing of Annuities, are, refpedtively, 
refolved. 


FINIS. 






